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Preface

Although impulsive systems were defined in the 60’s by Millman and Mishkis ([97], [98]),
the theory of impulsive differential equations started its rapid development in the 80’s and
continues to develop today (monographs [16], [18], [89] and the cited therein bibliography).

The development of the theory of impulsive differential equations gives us an oppor-
tunity for some real world processes and phenomena to be modeled more accurately. Im-
pulsive equations are used for modeling in many different areas of science and technology
(see, for example, [44], [115]).

This book gives the idea of the wide specter of the theory of impulsive equations to the
theoretical and applied researchers in mathematics, and provides them a tool and motivation
for deeper investigations and applications of these equations to real world problems.

In the following book a wide class of impulsive equations are investigated such as:

— impulsive ordinary differential equations (scalar amdimensional case; with fixed
and with variable moments of impulses);

— impulsive differential-difference equations (scalar andimensional case; with fixed
and with variable moments of impulses);

— impulsive functional-differential equationgs-dimensional case with fixed moments
of impulses);

— impulsive hybrid differential equations (scalar amdimensional case; with fixed and
with variable moments of impulses);

— impulsive differential equations with “supremunri-flimensional case with variable
moments of impulses).

For the above mentioned impulsive equations some qualitative properties of the solu-
tions are studied and approximate methods are applied. Various types of problems, such as
initial value problems, periodic boundary value problems and linear boundary value prob-
lems for impulsive equations are considered.

In chapter 1 a systematic development of the theory of impulsive integral inequalities is
presented. Various types of impulsive integral inequalities of Gronwall-Bellman and Bihari
types are solved and some of their applications are given.

In chapter 2 the boundedness and the periodicity of the solutions of impulsive equa-
tions are studied. The investigations are made with the help of modifications of Lyapunov’s
method and Razumikhin method. The classical continuous Lyapunov’s functions are com-
monly used for qualitative investigation of various types of differential equations without
impulses ([37], [56], [84], [85], [86], [87], [96], [122], [123]). Since the solutions of impul-
sive equations are piecewise continuous functions, it is necessary to use an appropriately
defined piecewise continuous functions that are similar to the classical Lyapunov’s func-
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tions. It is noted that many authors apply piecewise continuous Lyapunov’s functions to
study the stability of the solutions of impulsive equations ([3], [57], [100], [113], [114],
monographs [18], [89], and the cited therein bibliography). In this book piecewise continu-
ous Lyapunov’s functions are applied to study boundedness and periodicity of the solutions
of various types of impulsive equations.

In chapter 3 and chapter 4 two approximate methods for solving impulsive equations
are presented.

In chapter 3 monotone-iterative techniques are applied to different types of impulsive
equations. The main characteristic of the considered monotone-iterative techniques is the
combination of the method of lower and upper solutions and an appropriate monotone
method. These techniques are applied successfully to different types of differential equa-
tions withoutimpulses ([36], [92], [94], [102], [116], monograph [88], and the cited therein
references). In this book algorithms for approximate finding of successive approximations
to the solutions of the initial value problem and the boundary value problem for impulsive
functional - differential equations are given.

In chapter 4 the method of quasilinearization is applied to various problems of im-
pulsive differential equations. The development of this method begins with paper [20].
Recently many authors applied the method of quasilinearization for finding approximate
solutions of problems for first and second order ordinary differential equations ([34], [91],
[101], [112]). Several results for scalar impulsive differential equations ([38], [42], [43],
[118]) have also been obtained. The main advantage of the method of quasilinearization
is the rapid convergence of the sequences of successive approroximations. In the book the
guasilinearization is applied to the initial value problem and to boundary value problems
for impulsive differential equations in the scalar and in the n-dimensional case.

Each chapter concludes with a section devoted to notes and bibliographical remarks.

The following book is addressed to a wide audience including professionals such as
mathematicians, applied researchers and practitioners.



Introduction

There are many real life processes and phenomena that are characterized by rapid changes
in their state. The duration of these changes is relatively short compared to the overall
duration of the whole process and the changes turn out to be irrelevant to the development
of the studied process. The mathematical models in such cases can be adequately created
with the help of impulsive equations. Some examples of such processes can be found in
Physics, Biology, population dynamics, ecology, pharmacokinetics, and others.

In the general case, the impulsive equations consist of two parts:

— differential equation, that defines the continuous part of the solution;

— impulsive part, that defines the instantaneous changes and the discontinuity of the
solution.

The first part of the impulsive equations, that is described by differential equations,
could consist of ordinary differential equations, integro-differential equations, functional-
differential equations, partial differential equations, etc.

The second part of the impulsive equations is callgdnap condition The points, at
which the impulses occur, are callatbments of impulsesThe functions, that define the
amount of impulses, are callétpulsive functions

The type of the moments of impulses defines different types of impulsive equations.
The two types of impulsive equations, considered in the book are:

— impulsive equations withfixed moments of impulses (the impulses occur at initially
given fixed points);

— impulsive equations witlrariable moments of impulses (the impulses occur on ini-
tially given sets, i.e. the impulse occurs when the integral curve of the solution hits a
given set).

Bellow we will give a brief description of the basic types of impulsive equations studied
in this book.
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A. Impulsive Differential Equations

First type. Impulsive differential equations with fixed moments of impulses.
Let the pointgx € R be fixed such that. 1 > t, k=0,1,2,... and limg_., tx = co.
Then the impulsive differential equations are expressed by the following two equalities:
differential equation (continuous part

X =f(t,x) for t>tg t#t, (1)
impulsive part (jump conditior)
X(tg+0) —X(tx — 0) = Ix(X(tc—0)), for k=1,2,..., (2)

wherexe R", f :RxR"—=R"I,:R"—=R" k=1,2,3,....
The initial value problem for the system of impulsive differential equations is defined
by the equations (1), (2) and the initial condition

X(to) = Xo. )

The solution of the initial value problem for the system of impulsive differential equa-
tions (1), (2), (3) is denoted by(t;to, o), and the maximal interval of the tyge, ) on
which the solutiorx(t;to, Xo) is defined, we denote hi(to, Xo).

We will describe the motion of the poirt, x) of the integral curve of the solution of the
system of impulsive differential equations (1), (2) with initial condition (3) .

The point(t, x) starts its motion from the poir(ty, Xp) of the setD C R x R" and con-
tinues to move along the integral curyex(t)) of the solution of the corresponding ordi-
nary differential equation (1) with initial condition (3) until momen > to, at which the
point instantaneously moves from positi¢t, x;) to position (t1,x] ), wherex; = x(t1),
xf = x1+11(x1). Then the point continues its motion on the integral curve of the solution
of the corresponding ordinary differential equation (1) with initial conditidty ) = xf until
momentt, > t; at which it jumps and the amount of the jump is determined by the equality
(2) and so on. Pointg are the moments of impulses, and functidg) are impulsive
functions.

The solution of the impulsive differential equations could be:

— piecewise continuous functioat the moments of impulses at least one inequality
I(x) # 0 holds. Then we defing(ty) = lim;_,_ox(t) and the solution has a point of dis-
continuity at pointty € R;

— continuous functionfor all natural number& equalitiedk(x) = 0 hold.

Furthermore we will assume thafty) = X(tx — 0) = lim_y, _oX(t) < 0 andx(tx+0) =
|imtﬂtk+0X(t) < 0,

We will give some examples to illustrate the behavior of the solutions of the impulsive
differential equations with fixed moments of impulses.

Example 1. Consider the scalar impulsive differential equation
X=0, t#k k=1,2,..., 4)
X(K+0)—x(k) = b. (5)
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The solution of the corresponding differential equation withoutimpulses (4) with initial
conditionx(0) =Xp is X(t) = %o fort > 0.

The solution of the impulsive differential equation (4), (5) with initial conditie(0) =
Xo is X(t) = xo+kbfort € (k,k+ 1], k=1,2,.... The solution is piecewise continuous
function, which is increasing fob > 0, decreasing fob < 0, and forb = 0 the solution
is equal to a constant and it coincides with the solution of the corresponding differential
equation without impulses (4).

Example 2. Consider the scalar impulsive differential equation
X=0, t#k k=12,... (6)

1
x(k+0)—x(k)_m, k=1,2,.... @)
The solution of the corresponding differential equation withoutimpulses (6) with initial
conditionx(0) =1isx(t) =1 fort > 0.
The solution of the impulsive differential equation (6), (7) with initial conditio®) = 1
isx(t) =1 and itis defined only fot € [0,1]. The solution doesn’t exist fdr> 1, since the

impulsive functionl (x) = le1 is undefined fox = 1.

Example 3. Consider the scalar impulsive differential equation

X =1+%°, t;«é%k, k=1,2,... (8)
X(k+0)—x(k) = 1, t=TK (©)

with initial condition
x(0) =0. (20)

The solution of the corresponding differential equation without impulses (8) with initial
condition (10) isx(t) = tan t. The solution is defined only on the intervél, 7) since
Iimt_,Lzr_otan t = oo.

The solution of the initial value problem for the impulsive differential equation (8), (9),
(20) is

T
x():{ tant, fort € [0,7]

tan(t—7%), forte (@,M], k=1,2...

The solution is defined fdr> 0 and it is a periodic function with a periofl

The examples above show that the solutions of the impulsive equations and the solu-
tions of the corresponding ordinary differential equations without impulses have different
behavior. This proves the necessity to independent studying the properties of the solutions
of the impulsive equations.

Second type Impulsive differential equations with variable moments of impulses.

Let the sequence of sedg = {(t,Xx) e RxR": t=1¢(x)}, k=1,2,... be given, where
the functionstk(x) are such thaty(x) < tk1(x), and the sequenda(x)}y_, coverges
uniformly in x € R" to .
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In this case the impulsive differential equations are composed of the following two
equalities:
differential equations(continuous par

X =f(t,x) for t#1(x), k=12,..., (11)
impulsive part (jump conditior)
X(t4+0)—x(t—0) =Ix(x(t)) for t=1k(x(t)), k=1,2,..., (12)

wherexe R", f :RxR"—=R" Ix:R"—=R" k=1,2.3,....

We will give a description of the motion of the poifit, x) from the integral curve of the
solution of impulsive differential equations (11), (12).

Point(t, x) starts its motion from pointtg, Xp) in setD C R x R" and continues to move
along the integral curvét, x(t)) of the corresponding ordinary differential equation (11)
with initial condition X(tp) = Xp until momentt; > to, at which the integral curve meets
setoy,, i.e. until momentt; > to, at which the equality; = 1y, (X(t1)) holds. At that
moment the point moves instantaneously from positianx) to position (t1,X; ), where
X1 =X(t1), xf = X1+ i, (x1) and it continues to move on the integral curve of the solution of
the corresponding ordinary differential equation (11) with initial conditidty) = x;” until
moment; > t1, at which the integral curve meets sgf, then point jumps instantaneously,
and the amount of the jump is defined by equality (12) and so on.

We will note that in the case of impulses on given sets the moments of impulses are un-
known initially. The moments of impulses depend not only on the right part of the equation,
but also on the initial condition and on the functiongx), that define the sets of impulses.
For example, if the initial value problem for the impulsive equations has two solutions,
these solutions can have different points of discontinuity.

The solutions of impulsive equations with variable moments of impulses have unique
properties. One of these properties is calteghting This is the case when the integral
curve of the solution intersects the same set more than once. This could be the reason for
nonexistence of the solution over the whole given interval.

We will give examples to illustrate some typical properties of the solutions of the im-
pulsive differential equations with variable moments of impulses.

Example 4. Consider the initial value problem for the linear impulsive differential equation

X =0, t#1(x), (13)
X(t+0)—x(t) =x(t), t=1(x), (14)
x(0) =1, (15)

wherex € R, 1(x) = arctan x.
The solution of the initial value problem for the impulsive equation (13), (14), (15) is

X(t;0,1)=i for arctan(i—1)<t<arctani, i=1,2,....

The solution is defined only on the intervid, 7), since lim_.arctan i= 7. The
integral curve of the solution of the initial value problem for the impulsive equation (13),
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(14), (15) intersects infinitely many times the cuwe= {(t,x) € R x R: t = arctan X} at
momentst; = arctani, i =1,2,..., therefore there is heating

Example 5([89]). Consider the scalar impulsive differential equation
X =0, t#tw((x), k=0,1,2,..., (16)

X(t+0)—x(t) =1k(x), t=1k(x), 17)

wherex € R, Tx(X) =X+ 6k, Ix(X) =x?signx—x, k=0,1,2,....

The solution of the impulsive differential equation (16), (17) with initial condition
x(0) =Xp for |X| > 3 has no impulses, since the integral curve of the solution does not
intersect any sefi, = {(t,x) e RxR: t=x+46k}, k=1,2,.... Therefore the solution is
a continuous function, defined @@, ).

Forxo € (1,3) the solution of the impulsive differential equation (16), (17) with initial
conditionx(0) = xo has finite number of impulses. For example, fpe= v/2 the solution
of the impulsive differential equation (16), (17) with the initial conditiotg0) = xo has
three moments of impulses at points, when the integral curve of the solution intersects set
oo = {(t,x) e RxR: t =x}. Fort > t3 = 2 the integral curve of the solution meets no set
ok. The solution is a piecewise continuous function, definedOom).

Forxg € (0,1) the solution of the impulsive differential equation (16), (17) with initial
conditionx(0) = xp has the propertpeating i.e. the integral curve of the solution intersects
setsog = {(t,x) € Rx R: t =x+ 6k} at infinite number of moment, for which t, =
X(tk) + 6K, limg_ety = 00 and lim_. X(tx) = 0.

Forxp € (—1,0) the solution of the impulsive differential equation (16), (17) with initial
conditionx(0) = g has the propertpeating i.e. the integral curve of the solution intersects
setox = {(t,x) € R x R : t = x+6Kk} at infinite number of point, for which the equality
tx = X(tx) + 6k holds, and lim_.. tx = 6, and lim_. X(tx) = 0.

Forx(0) =0, x(0) =1 orx(0) =—1 the integral curve of the solution of the impulsive
differential equation (16), (17) with initial condition(0) =xp crosses setsi at infinite
number of pointgy, butlg(X(tk)) = X3(tk)sign xtx) — X(tx) = 0, so the solution has no im-
pulses and it is a continuous function at poitis

We note that sufficient conditions for absence of the phenombaatingfor impulsive
ordinary differential equations are given in ([41], [89]).

B. Impulsive Differential-Difference Equations

In many real life processes and phenomena the dynamics of the studied system at the present
moment depends on the behavior of the system in some previous moments. For model-
ing the dynamics of such processes it makes sense to use functional differential equations,
a partial case of which are differential-difference equations. One of the initial works in
the theory of functional-differential equations is monograph of Volterra [119]. In the last
decades different qualitative properties of the solutions of different types of problems have
been obtained (see monographs [61], [62], [85], [86] and cited therein references).

Some real processes are characterized that their dynamics at present depend not only
on the behavior of the processes at some previous moments but also at some moments the
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processes change their behavior instantaneously. In this case it makes sense to use impulsive
differential-difference equations as models of such processes.

We will describe the impulsive differential-difference equations and their solutions, that
are object of investigation in the current book.

First type. Impulsive differential-difference equations with fixed moments of impulses.

Let the pointdy € R be fixed such that. 1 > t, k=0,1,2,... and limk_,, tx = co.

Then the impulsive differential-difference equations can be written with the help of both
equations:

differential-difference equation (continuous pary

X = f(t,x(t),xt—h)) for t>tg, t#t, k=12..., (18)
impulsive part (jump conditior)
X(tk+0) —X(tk —0) =Ix(x(tx)) for k=1,2,..., (19)

wherexe R", f :RxR"xR"—=R" Ix:R"—=R", (k=1,2,3,...), andh = const> 0.
Consider the initial value problem for the system of impulsive differential - difference
equations, that is defined by the equations (18), (19) and initial condition

X(t)=¢(t) for te [to—h,to], (20)

where¢ : [to—h,to] — R".

We denote the solution of the initial value problem for the system of impulsive
differential-difference equations (18), (19), (20) kt;to,$), and we denote by(to, ¢)
the maximal interval of the typgo — h, 3) on which the solutionx(t;to, §) is defined.

We will give a short description of the solutiott; to, ¢) of the initial value problem for
the system of impulsive differential-difference equations (18), (19), (20).

Fort € [to—h,t;] the solutiorx(t; to, ) coincides with the solutioX; (t; ¢) of the initial
value problem for the corresponding system of differential-difference equations without
impulses

X = f(t,x(t),x(t—h)) for t>to,

X(t)=¢(t) for telto—h,to).
Fort € (ty,t2] the solutionx(t; to, Xo) coincides with the solutioiXx(t; ¢1) of the initial
value problem for the corresponding system of differential-difference equations without

impulses
X = f(t,x(t),x(t—h)) for t>t,

X(t) = (I)l(t) for t e [tl—h,tl],
where
) Xi(t; ) for teti—ht),
D= Xy (ty:0) + L (Xa(t 9)) for t=t,,
and so on.

Therefore the functiomr(t;to, %) is a piecewise continuous function d(to, Xo).
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Example 6. Consider the initial value problem for the linear scalar impulsive differential-
difference equation

X =x({t—2) for t>0, t#k k=1,2,..., (21)
X(k4+0) =b(x(k)) for k=1,2,..., (22)
x(t)=a forte[-2,0], (23)

wherex € R, a, b are constants.
The solution of the initial value problem (21), (22), (23) exists on the intefv&l, )
and is defined by

a, for t € [-2,0],

at+1), for t € (0,1],

X(t) = 2ab+a(t—1), for t € (1,2],
ab(2b+1)+5(t—2)(t+4), for t € (2,3,
ablb(2b+1)+ 2]+ &(t—3)(t+4b+1), for t e (3,4],

The solution is a piecewise continuous function with points of discontinuitk at
1,2,....
Forb = 1 the solution of the initial value problem (21), (22), (23) is defined by

a, for t € [-2,0],
X(t) = at+1), for t € (0,2],
S(t2+2t—2), forte(2,4].........
and coincides with the solution of the corresponding differential-difference equation
X =x(t-2) for t>0
with initial condition
X(t)=a, forte[-2,0],
that is defined otfi—2, ).

Second type Impulsive differential-difference equations with variable moments of im-
pulses.

In the case when the impulses occur on given sets, the description of the solution is
similar to that in the case of fixed moments of impulses. In this case there are some unique
phenomena. One of these phenomena is so chating i.e. when the integral curve of
the solution meets one and the same set more than once (finite or infinity many times).

C. Impulsive Hybrid Equations

Most modern engineering systems are highly interconnected and interdependent on the
various parts of the information and communication networks that comprise them. This
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complexity imposes the use of impulsive hybrid systems for the purpose of mathematical
modeling. Impulsive hybrid systems are generally used when the modeled system is com-
prised of analog components, described by differential equations, and digital components
which have the ability to change the state of the system in an instant. These real world
systems also contain a conditional control algorithm for the digital component. The change
of state in the modeled system has been described in [5], [59], [103], and [111]. Impulsive
differential equations are also a natural fit in Biology, Chemistry, Physics, Pharmacology,
and Medicine. For example, the human blood pressure is continuously regulated. However
at times of stress, certain organs, such as the heart and the brain, get priority over the other
organs. Another example comes from Genetics, where we also have a combination of dis-
crete components and continuous components. So far, such systems have been modeled as
discrete systems which decision greatly limits the possibility for investigation of the com-
ponents of such systems. The development of impulsive hybrid equations allows for a more
adequate investigation of complex real life systems such as the ones described above.

First type. Impulsive hybrid equations with fixed points of impulses.

Let points{tc}q be fixed such thai, 1 > tg, k=0,1,2,... and lim_, ty =0,

Then the impulsive hybrid equations can be written by the help with the following two
equations:

hybrid differential equation (continuous parf

X = f(t,x(t),A(X(tx))) for t>ty, t#t, k=1,2,..., (24)
impulsive part (jump condition
X(tk+0) =x(tk—0) +Ix(X(ty)) for k=1,2,..., (25)
wherexe R", f :RXxR"XRM™—=R" I}, :R" > R Ac:R"—=R™ k=1,2.3,....
Consider the initial value problem for the impulsive hybrid equations, defined by equa-
tions (24), (25) with initial condition
X(to) = Xo. (26)

We denote the solution of the initial value problem for the system of impulsive hybrid
equations (24), (25), (26) b¥(t;to,x0), and we denote by(to, xo) the maximal interval of
the type[to, ), on which the solutiox(t;to, %) is defined.

We will give a brief description of the solutioR(t;to,Xo) of the initial value problem
for the system of impulsive hybrid equations (24), (25), (25).

Fort € [to,t1] the solutionx(t;to,Xp) coincides with the solutioiXy(t;to) of the initial
value problem for the ordinary differential equation without impulses

X = f(t,x(t),Ao(X0)) for t>to,
X(to) = Xo.

Fort € (t1,t2] the solutionx(t; to, Xo) coincides with solutiorXy(t;t;) of the initial value
problem for the ordinary differential equation without impulses

X = f(t,X(t),)\l(Xl(tl;to)) for t>1,
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X(t1) = Xa(t1;to) + 11(Xa(tz; o)),

and so on.
Therefore functiorx(t; to,Xp) is a piecewise continuous @kito, Xo).

D. Impulsive Differential Equations with “Supremum”

Differential equations with “supremum” are adequate mathematical models of various real
world processes. They find application, for example, in the theory of automatic regulation
([109]). As a simple example of mathematical simulation by means of such equations we
will consider the system for regulating the voltage of a generator of constant current. The
object of experiment is a generator of constant current with parallel simulation and regulated
quantity is the voltage at the source electric current. The equation describing the work of
the regulator has form ([109])

Tou'(t) +u(t) +qg max u(s) = f(t),
se[t—h,t]

whereTp andg are constants characterizing the object) is the voltage regulated arfdt)
is the perturbed effect.

In the case when the equation consists only of differential equation, and there are no
impulses, the equation is called equation Withaximunf. Some properties of the solutions
of differential equations witdfmaximun{ are studied in [4], [12], [108], [121].

In the case when a jump condition is added to the differential equation, the equation is
called an impulsive differential equation with “supremum?”.

First type. Impulsive differential equations with “supremum” and fixed moments of
impulses.

In the common case the impulsive differential equations with “supremum” are ex-
pressed with the following two equations:
differential equation with “supremum” (continuous parf

X = f(t,x(t), sup x(s)) for t>ty, t#t, k=1,2,..., (27)
seft—hyt]

impulsive part (jJump conditiorn)
X(tk+0) =x(tx—0) +Ik(x(tk)) for k=1,2,..., (28)

wherexe R", f :RxR"xR"—=R" I}:R"—=R", k=1,2,3,..., h=const> 0.
Consider the initial value problem for the impulsive differential equations with “supre-
mum”, that is defined by equations (27), (28) and initial condition

X(t+to) =¢(t) for te[—h,0], (29)

where¢ : [—h,0] — R".
We denote the solution of the initial value problem (27), (28), (29xktyto,$) and by
J(to, §) — the maximal interval in whiclx(t;to, ¢) is defined.



10 Snezhana G. Hristova

We will give a description of solutiox(t;to,¢) of the initial value problem (27), (28),
(29):

(a) Fort € [to— h,to] the solutionx(t;to,$) coincides with the functiop(t —to).

(b) Fort € [to,t1] the solutionx(t;to, ) coincides with solutiorX; (t;to) of the differen-
tial equations with “supremum” without impulses

X = f(t,x(t), sup x(9))

se[t—h,t]

with initial condition
X(t+t9) = ¢(t) fort € [—h,0].

Fort € (t1,tp] solutionx(t;to, ) coincides with solutionX(t;t1) of the initial value

problem
X = f(t,x(t), sup x(9))
se[t—h,t]
X(t+t1) =1 (t) for t e [—h,0],
where
P (t) = X1(t+11;1o) for t € [—h,0),

BT Xty to) + 11 (Xa(tas to)) for t =0,

and so on.
Therefore functiorx(t; to,d) is piecewise continuous i(to, §).

Second type Impulsive differential equations with “supremum” and variable moments
of impulses.

In the case when the impulses occur on initially given hypersurfaces the solutions of the
impulsive differential equations with “supremum” and variable moments of impulses are
defined in analogous way as in the case of fixed moments of impulses.

Next we will present the basic definitions used in the book.

Definition 1. The sePC(Q,R"), whereQ C R, is called the set of all functions: Q — R",
that are piecewise continuous@, i.e. there exist limits lim, u(t) = u(t+0) < « and
limgpg u(t) = u(tyk — 0) = u(ty) < oo,tc € Q.

Definition 2. The setPC!(Q,R") is called the set of all functions € PC(Q,R"), that are
continuously differentiable for ali € Q in which the function is continuous and there exist
left derivatives at the points of discontinuity.

Let the sequence of functiong € C(R",R), k= 1,2,... be given such thaty(x) <
Tk+1(x) for x € R™ and the sequendai(x) }y_, coverges uniformly ik € R" to co.
Setsoy, Gk, Dk, k=1,2,... are defined by the equalities

ok={(t,x) ERxR": t=1(x)}, (30)

Gk = {(t,x) €[0,00) x R": Ty_1(X) <t < Tk(X)}, (31)
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Dk = {(t,x) € [0,00) x R": T _1(X) <t < Tk(X)}. (32)

Note that the sets defined by (30), (31), (32) are related to the impulsive equations with
variable moments of impulses. In the case of fixed moments of imptygés=1,2,...),
setsoy, Gy, Dy, k=1,2, ... are reduced to sets

ok = {(tx,X): xeR"},

Gk={(t,x): xeR" te (t1,%)},

and
Dk = {(t,X) DS Rn? te (tkfl7tk]}'






Chapter 1

Method of the Integral Inequalities
for Qualitative Investigations of
Impulsive Equations

Integral inequalities are a powerful mathematical tool for investigating qualitative character-
istics of the solutions of differential equations. The current book deals with the generaliza-
tions of the classical Gronwall-Bellman and Bihari integral inequalities and the correspond-
ing proofs of the analogues of the before mentioned inequalities for piecewise continuous
functions. Some of the obtained results are used to investigate the properties of the solutions
of concrete problems for different types of impulsive equations.

Itis also worth mentioning that an overview of the theory of integral inequalities for dis-
continuous functions is presented in the following monographs [17], [45] and [90] and some
linear inequalities for piecewise continuous functions, similar to the well known Gronwall-
Bellman inequality, are proved in [15], [89].

We note similar results to those obtained in this chapter are published in [11], [14], [66],
[107].

Remark 1. In the chapter 1 the pointg > 0,k =1,2,... are fixed such that <tx,; and
liMyg_ ot = 0.

1.1. Linear Impulsive Integral Inequalities

Several linear integral inequalities of Gronwall type for piecewise continuous scalar func-
tions will be given in this section. The importance of these type of inequalities is defined
by their applications for various types of qualitative investigations and their applications in
proofs of inequalities of other types.

We will begin with a generalization of the classical Gronwall-Bellman inequality for
continuous functions, that will be used in the further proofs.

Lemma 1.1.1 ([40]). Let the following conditions be satisfied:
1. Function f(t) € C([0,), [0,0)).
2. Function r(t) € C([0,), [0,)) is nondecreasing.
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3. Function gt) € C([0,),[1,)).
4. Function Uut) € C([0,), [0,)) satisfies the inequality

~—

t
U <t +9(t) | flu(ds
0
Then for t> 0 the inequality
u(t) < n(t)g(t)e‘é f(s)g(s)ds
holds.

We will prove a linear impulsive integral inequality.

Theorem 1.1.1.Let the following conditions be satisfied:
1. Function \(t) € PC([0,), [0,0)).
2. Function pt) € PC([0,),[1,)) is nondecreasing.
3. Function Yt) € PC(]0,), [0,)) satisfies the inequality

u(t) < p(t)[c+ > Biu(ti)+/()tv(s)u(s)ds,], (1.1)

o<ti<t

where c> 0, 3 >0, (i=1,2,...) are constants.
Then for t> 0 the inequality

u(t) < cp?(t) [ P(t)(1+Bip(t))es ePes (1.2)

o<ti<t
holds.

Proof. Lett € [0,t;]. Inequality (1.1) can be rewritten in the form

t
u(t) < p(t)[C—l—/o v(s)u(s)ds.
According to Lemma 1.1.1 fdre [0,t3] the inequality
u(t) < cpA(t)elovsp)ds s

holds. Therefore Theorem 1.1.1 standstfer|[0,ty].

We will use mathematical induction to prove the proposition.

Assume that Theorem 1.1.1 is true for a natural nunkbed, i.e. inequality (1.2) holds
fort e [0,ty].

Lett € (tk, tk+1). From inequality (1.1) follows the validity of

k k g
at) < POty Hu)+y jlv(s)u(s)ds]

t
+p(t) / v(s)u(s)ds (1.4)

tk



Method of the Integral Inequalities 15

Denote

k K o
t)[c+ i; Biu(t;) +izl/til v(s)u(s)ds

According to the inductive assumption we obtain the following bound for funcgj@n
gt) < pt)[c+ ZB.CpZ t. D)(1+B;p(t;))ele VSP(Sds

l b T)dt
- Z/I (S)cR?(s) 0<t1<s ) (1+Bjp(t;))eloVOPMIgg).

Since functionp(t) is nondecreasing, the inequality

g(t)

IN

”ZB' p2(t) er (1+B; p(t;) el VISP

+ zlp )P B >>/tt'l V(9)p(geb POy

IN

ep(t) {1+ Zﬁ tj)(1+Bjp(t;))el WP

+ le er (1+B;p(t ))[e/'é‘v(s)p(s>ds_e/giflv(s)p@ds]}

holds.
Therefore functiory(t) satisfies the inequality

t) < cp(t (Flp (1+Bp(t;)) ) el PSS (1.5)

We substitute the upper bound (1.5) for functigft) into inequality (1.4) and apply
Lemma 1.1.1 ovefty,tx;1]. We obtain that fot € (ty, tk. 1] the inequaity

ut) < p(t)g(t)eh“PEs
a t
< sz(t)(]‘lp(ti)(1+Bip(ti)))efov(sm(s)ds

holds.
The last inequality proves Theorem 1.1.1. O
As a partial case of Theorem 1.1.1 we obtain the following result:

Corollary 1.1.1. Let the conditions of Theoreh 1.1 be satisfied for ) = 1, and the
function Ut) satisfies the inequality

u(t) < c+ / (1.6)

0<tI <t
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where c> 0, 3 >0, (i=1,2,...) are constants.
Then for t> 0 the inequality

ut) <cf [ (1+))esvse (1.7)

o<ti<t
holds.
In the future we will use the following result:

Lemma 1.1.2 (Corollary 16.2, [17]). Let the following conditions be satisfied:
1. Function Kt) € C([0,), [0,)).
2. Function gt) € C([0,),[0,)) is nondecresing.
3. Function yt) € PC(]0,), [0,)) and satisfies the inequality

ut)<at)+ Y Biu)+ / b(s (1.8)

0<t| <t

wheref3; > 0, (i=1,2,...) are constants.
Then for t> 0 the inequality

u(t) <a(t)( [ (1+))elseise (1.9)

o<ti<t
holds.

In the case when functica(t) is differentiable we obtain better bound for the unknown
function.

Theorem 1.1.2.Let the following conditions be satisfied:
1. Function t) € PC([0,),[0,)).
2. Function gt) € PCY([0,),[0,)) and d(t) > O fort # ty.
3. Function Yt) € PC([0,»), [0,)) and satisfies the inequality

uh<at+ Y Buw)+ [ bisuisds (1.10)
o<ti<t 0

whereB; >0, (i=1,2,...) are constants.
Then forte (th,thy1], (N=0,1,2,..., to=0) the inequality

ut) < a(0)ef5b<5>d3ﬁ(1+s,-)
=
e 3 {1 e e ([ap oo

-1 i=]

ek b(s)dsy/ (1) dreloP(S)ds (1.11)

th
holds.
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Proof. Let's define functiorv(t) by the equality

v(t) = a(t) + )+ / b(s)u(s)ds

0<t|<t
Functionv(t) € PCY(]0,), [0,)) satisfies the inequalities
vV <a(t)+b(t)v(t), t>0, t#t,
V(tk+0) —v(tk —0) < Brv(tk), n=1,2,...,
v(0) =a(0). (1.12)
Consider the initial value problem for impulsive differential equation
w =a(t)+b(t)w(t), t>0, t#t,
wW(tk +0) = (1+Bw(t), n=1,2,...,
w(0) =a(0). (1.13)

According to the results for linear impulsive systems (see formula (2.52), [89]) the
initial value problem (1.13) has a unique solutint), that is given by the equality

k
w(t) = I_I 1+Bj)
Kk t; k
n i JEb( dsa, 1+ s)ds
le{[/me o] ([ 3-8 )}
1 [ e B9 (1)dtehPO9 ¢ e (bt ) (1.14)

We will prove that inequality
v(t) <w(t), t>0 (1.15)

holds.
Define functiorm(t) = w(t) +ee*® fort > 0, wheree > 0 is an arbitrary number, and

functiona(t) € PC([0,),[0,)) satisfies the inequalities
a’(t)>b(t) t>0, t+#t,

and
U0 > (14 B ™ k=12...

Thenw(t) € PC([0,),[0,)),w(0) =w(0) +£6*© > a(0) and inequality

w(t) = a(t)+bt)w(t)+ee®Va’'(t)
= a(t)+bt)w(t) —b(t)ee®V + e’ (1)

a(t)+bt)w(t), t>0, t#t (1.16)
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holds.
From the definition of functiomo(t) and the jump condition in (1.13), we obtain
Wtk +0) = (1+Pr)w(ty) +ee*&t0
= (14Bw(ty) +ee” &+ _ (14 By )ee”®
> (1+B)w(t), n=1,2,.... (1.17)

We will prove that
v(t) <wm(t), t>0. (1.18)

Assume the contrary, i.e. there exists a point0 such that
V(1) = w(1), (1.19)

and
v(t) <m(t), te(0,1). (1.20)

Consider the following two cases:
Casel. Lett #t,k=1,2,.... Theninequality

V(1) > (1) (1.21)

holds.
From inequalities (1.12), (1.16), (1.21), and equality (1.19) we obtain

0> (1) — V(1) > b(1)(w(T) — V(1)) = 0.

The above contradiction proves the validity of (1.18) in this case.
Case2. Let there exists a natural numbesuch thatt = tx. Then

V(ty) <o(tk), V(tk+0)=w(tx+0). (1.22)

Similarly to the proof of case 1, from inequalities (1.12), (1.17) and relations (1.22) we
obtain that
0=w(tk+0)—Vv(tk+0) > (1+Bk) (w(tk) — v(tk)) > 0.

The above contradiction proves the validity of inequality (1.18) in this case.

Taking a limit into inequality (1.18) as — 0 we obtain inequality (1.15). From in-
equality (1.15), equality (1.14), and the definition of the functigh) follows the validity
of inequality (1.11). O

1.2. Nonlinear Impulsive Integral Inequalities

The simulations of most real world phenomena and processes require to use as models
nonlinear equations. The nonlinearity in the equations involves applications of various
types of nonlinear integral inequalities.

In this section several nonlinear integral inequalities for scalar piecewise continuous
functions are proved. The considered inequalities are generalizations of the classical Bihari
inequality.
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From here on, we will say that the conditions (H) are satisfied if:
H1. FunctionQ € C([0,), [0,)) is decreasing an@(u) > 0 foru > 0.
H2. Foru > 0 anda > 1 the inequality Q(u) < Q(¥) holds.
H3. There exist numbernsl,, k= 1,2,... such that foix > y > 0 inequality
G((14Bk)x) = G((1+Bk)y) < Mk(G(x)—G(y)),
holds, whereS (u) = [§ o ds , Up > 0.

We will use the foIIowmg nonlinear integral inequality of Bihari’s type for continuous
functions:

Lemma 1.2.1 ([39]). Let the following conditions be fulfilled:
1. Conditions(H) are satisfied.
2. Functions (t), f(t),g(t) € C([0,),[0,)).
3. There exists a constanta 0 such that for t> 0 the inequality

)< a+/ f(s ds+/ a(s
holds.

Then for te [0,y;) inequality
u(t) < eb 0956 G(a) + / 9(s)Q(eR " )ds],
holds, where G! is the inverse function of function(@),
y1=sup{& >0:G(a +/ a(s e/0 )4 dse Dom(GY)fort € [0,8] }.

We will prove a generalization of Lemma 1.2.1 for piecewise continuous functions.

Theorem 1.2.1.Let the following conditions be fulfilled:
1. Conditions(H) are satisfied.
2. Functions ft),g(t) € C([0,),[0,)).
3. Function ue PC(]0,®), [0,)) and for t > 0 the inequality

<a+/ f(s ds+/ geQUS)ds+ T Bty (1.23)
o<ty<t

holds, where & const> 0, Bx =const>0, k=1,2,....
Then for te [0,y,) the inequality

) < e 19951 +/ g(9A(s,)ds}, (1.24)
holds, where R) = a[o (14 Bk) for t >0, G™* is the inverse function of function
G(u),

A(s,t) = ( M Mj)Q(e/%?f(T)dT), 0<s<t, (1.25)
s<tj<t

y2=sup{&>0:G(R +/ 9(S)A(s,t)dse Dom(G Hyfort € [0,E] }.
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Proof. We denote the right part of (1.23) kaft). Functionz € PC([0,),[0,)) is nonde-
creasing and satisfies both inequalitigs) < z(t) and

zt)§a+/otf ds+/ a(s 9)ds+ Z Brz(tk). (1.26)

o<ty<t

We will prove that fort € [0,y,) functionz(t) satisfies the following inequality
2(t)e B1(9ds < g1 )+ / g(9)A(s.t)ds}. (1.27)

Lett € [0,t1)N[0,y2). Then from inequality (1.26) we obtain

t t
2(t) < a+ / f(s)2(9ds+ / 9(9Q(z($)ds (1.28)
0 0
According to Lemma 1.2.1 from inequality (1.28) we obtain
2(t)e B199 < 1 G(a) + / 9(9Q(eF "V )ds},

that proves the validity of (1.27) fare [0,t1] ([0, Y2).
We will use mathematical induction to prove inequality (1.27). Assume that inequality
(1.27) holds ove(tyx_1,t%] ([0,Y2), wherek > 2 is a natural number. Then the inequality

2(t0e #1199 < 6 G(R() + / g(s)\(s. s} (1.29)

holds.

Lett € (tx,tk+1)N[0,Y2). The definition of functiorz(t) and the properties of function
Q(u) imply that

t ty k—1
2t) = at / f(s)u(s)ds+ / g91Q(u)ds+ 3 Bu(t)

+ P+ | f(ouedst [ g9Qus)ds

< (1+Bk)z(tk) + tf(s)z(s)ds—k ttg(s)Q(z(s))ds (1.30)

tk
Consider functiornv € C([tk, tk+1],[0,)), defined by the equalities

z(t)e Jo* f(s)ds for t € (ty,tky 1]

V) = { (z(tk)+BkU(tk))e*f3kf(5)ds for t = ty.

Fort € (tx,tx+1] the inequalityv(t) < z(t) holds. We multiply inequality (1.30) by the
t
constane /o f(99S and we obtain that for € (ty, ti1] the inequality

VO < @+Pov) + | fovgdst [ g9 IE%Q(s)ds
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< (14 BVt +/f s)ds+ g( $)Q(v(9)ds (1.31)

holds.
Sincev(ty) < (14 Bx)Vv(tk), we conclude that inequality (1.31) holds ffo€ [ty, ti+1].
From inequality (1.31) and Lemma 1.2.1 we obtain

v(t)e e f(99s < G*{ ((1+ BiV(t) + / 9(Q(eh d5)o|s} (1.32)

fort € [ty, tks1]
We consider the following two cases:
Casel. Let v(ty) < R(tx) = ar]'j‘;%(lJr Bj). From the monotonicity of functiots (u)
follows that
k—1 k

G((1+RVv(t) < G((1+Bal](1+By)) = G(aﬂ(1+Bj)) =G(Rt)). (1.39)
-

=1
From inequalities (1.32) and (1.33) we obtain

G(ate £'0%) < {GRL)+ tt9<S>Q(e“i“”"E)ds}

< G(R()) + ttg(s))\(s,t)ds

Case2. Letv(tx) > R(tx). From condition H3 we obtain the inequalities

G((1+BV(t)) — G(R(tk+1)) = G((1+Br)V(tk)) — G((1+Pr)R (tk+1))
< M[G(V(t)) — G(R(t))]-
From the definition of functiov(t) and inequality (1.32) we obtain

G( ()e—fgf(s)ds) :G( (t) —J;‘kf(s)ds)
((+Bov / g(9)Q(ek "

gG(R(tkH)HMk(G( <k>>—G<R<tk>>)

/ Q(eh " (1.34)
From inequality (1.29) follows the validity of
%

G(V(t) < G(Rt)) + /0 g(SA(s, tds (1.35)

Inequalities (1.34), (1.35) and the equalRyty1) = R(t) for t € (tx, tk+1] imply that
G(2t)e b9%) < G(REk: 1)) +Mk(G(R<tk>> ~G(Rt)

|1
+/kgs stds /g ef‘k

_G( tk+1 +/ g Mk)\(S t)ds—|- g (ejlk )

t)) +/gs (s,t)ds (1.36)
0
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From inequality (1.36) follows the validity of inequality (1.27) on the interta&
(tx,tk+1) N[0, Y2). Therefore inequality (1.27) holds for dlk [0,y,).
From inequalities (1.27) and(t) < z(t) we obtain inequality (1.24). O

As a partial case of Theorem 1.2.1 we obtain the following result:

Corollary 1.2.2. Let the following conditions be fulfilled:
1. Conditions(H) are satisfied.
2. Functions ft),g(t) € C([0,),[0,)).
3. Function gt) € C([0,), [0,)) is nondecreasing.
4. Function ue PC([0,), [0,e)) and for t > 0 the inequality

t) + / f(s)u(s)ds+ / g(9QMUS)ds+ T Beulty) (1.37)

O<ty<t

holds.
Then for te [0,y3) the inequality

u(t) < at)eb (99561 6( [ (1+) +/ 9(9\(s.t)ds}, (1.38)

o<ty<t

holds, where functioi(s,t) is defined by equality (1.25), and

y3 = sup{&>0:G( [1 (1+B0) +/g A(s,t)ds€ Dom(G ™)

o<ty<t

fort €[0,€]}.

Proof. We divide both parts of the inequality (1.37) by the functiaft), use condition 3
and Theorem 1.2.1, and we obtain inequality (1.38). O

In the case when there is only a nonlinear part in the integrals in the right part of in-
equality (1.23) we obtain as a partial case of Theorem 1.2.1 the following result:

Corollary 1.2.3. Let the following conditions be fulfilled:
1. Conditions(H) are satisfied.
2. Functions @t) € C([0,),[0,)).
3. Function ue PC([0,), [0,)) and for t > 0 the inequality

)<a+ / g(9Q(uE)ds+ T Bulty). (1.39)
o<ty<t

holds, where & const> 0, Bx =const>0, k=1,2,....
Then for te [0,ys) the inequality

ut) <G )+ / M;)ds} (1.40)

S<I <t

holds, where

y2=sup{&>0:G(R +/ 9(s)( [] Mj)dse€ DomG" 1y fort € [0,€]}.
s<tj<t



Method of the Integral Inequalities 23

We will prove an impulsive integral inequality for piecewise continuous functionsin the
case when the unknown function and the integral are arguments of a nonlinear function.

Theorem 1.2.2.Let the following conditions be satisfied:

1. Functions f(t),g(t), and Ht) € C([0,), [0,0)).

2. Function Kt) € C([0,), [0,)) is nondecreasing.

3. Function Qt) € C([0,»), [0,)) is nondecreasing and there exists a functidh) ¢
C([0,),[0,0)) such that Q(uy < ¢(u)Q(u) for u,v > 0.

4. Function Uut) € PC([0,), [0,)) satisfies for £ 0 the inequality

u(t) gg(t)F[c+/()t h(s)Q(u(s))ds] + (1) 5 Brulto. (1.41)

o<te<t

where c=const> 0, Bx=const>0, k=1,2,....
Then for te [0,ys) the inequality

ut) < ) ] (1+Be(t))F{H[H(o

o<ty<t

+/Oth(s)¢(p(s) [ (1+ka(tk))>d3}} (1.42)

o<ty<s

holds, wherep(t) = max{g(t), f(t)}, H~ 1 is the inverse function of the function(Hi),

u ds

= JuQFE) 7Y (+49)

H(u)

Vs = sup{€>0:H(C)+ /Oth<s>¢(p<s>0|‘| (1+Bp(t) ) ds
<ty<s

eDomH 1) forte[0,&}.

Proof. We define functiov: [0,00) — [0,) by the equality

t
V(t) = c+ /0 h(s)Q(u(s))ds

Functionv(t) is a nondecreasing differentiable function for 0, and satisfies the in-
equality

u(t)

IN

gOF(V) +f(t) > Bru(t)

o<ty<t

PO [F(VO)+ Y Buu(to)]- (1.44)

O<ty<t

IN
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Lett € (tk,tkr1]N[0,y5), k>0, tg = 0. From the monotonicity of functiong(t) and
F(u), and inequality (1.44) we obtain

ut) < pt)|Fut +le3. (1) + Bep (1) (F (v(t +ZB' ))]

< p(){<1+[~3kptk ( +ZLB| tl)

IN

p(t){ (1-+ Bp (1) [F(v(1)) + ZB'

+Bk-1P(tk—1) (F(V(tkfl)) + Zl&u(ti)ﬂ }

< PO (14 Bep(t) (1+ B 1p(t-1)) [F (v +le. (t)]
k

< <P [](A+BH)F (D). (1.45)

We will note thatyX_; Biu(ti) = 0, [T, (1 +Bip(t))) = 1 fork < 1.
From the definition of functiornv(t), inequality (1.45), and the properties of function
Q(u) follows that

V{t) = hHQ()<htQ{et) [T (1+Bet))F(v(t) }

o<ty<t
< hwo(p() ] 1+t )QFD)). (1.46)
<<t
From inequality (1.46) and the definition of functidi(u) we obtain
4 MO0 = gy <h0e(e) ] (1+Belk)) @.47)

We integrate inequality (1.47) from O tg use the initial conditiorv(0) = ¢ and we
obtain

t
HV(U) <H(O + [[0(pls) ] (1+Bip(0))ds (1.48)
The inequalities (1.47) and (1.48) imply the validity of inequality (1.42). O

In the case when the nonlinear functions in the inequality (1.41) is multiplied by a
constant, as a partial case of Theorem 1.2.2 we obtain the following result:

Corollary 1.2.4. Let functions fit), Q(u), F(u) satisfy the conditions of Theoreh®2.2and
function Ut) € PC([0,), [0,)) satisfies for > 0 the inequality

ut) <F [c+ /0 th(s)cg(u(s))ols} + Y Beulty). (1.49)

o<ty<t
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Then for te [0,ys) the inequality

ut) < I (1+Bk) +/h 1+Bk)ds)]},

o<ty<t 0 tk<s

(1.50)

holds, where function Ku) is defined by equality1.43), H™! is the inverse function of
H(u) and

Yo = sup{EZO:H(c)Jr/Oth(s)q)( [ (1+Bk))dse DomH™1)

o<ty<s

fort €[0,8)}.

In the case when there is an additional function in the right part of the inequality (1.41),
the main nonlinear function involved into the solution of the inequality is changed and the
following result is proved:

Theorem 1.2.3.Let the following conditions be fulfilled:
1. Conditionsl, 2, and3 of Theorenl.2.2 are satisfied.
2. Function r(t) € C([0,0),[0,)).
3. Function yt) € PC([0,), [0,)) satisfies for £ 0 the inequality

u(t) < c+/ h(SQU(s))ds] + (¢ ) ¥ Bt (s
<t<t

where c=const> 0, Bx=const>0, k=1,2,....
Then for te [0,y) the inequality

ut)y < pt) TJ (1+ka<tk>>{1+F[P*1[P<c>

o<ty<t

+/ h(s 0<t <s(1+ Bo(t) )as |} (1.52)

holds, wherep(t) = max{g(t), f(t),r(t)}, P~tis the inverse function of the functior{i,

u ds

PW= Q@ FE)

Up >0, (1.53)

v = sup{e20:P©)+ [ 9 (p(5) [] (L+Bo(t))ds
b o<ty<s

€ Dom(P1) forte[0,E}.

Proof. We define functiorv: [0,c0) — [0,00) by the equality

) = c+./oth(s)Q(u(s))ds (1.54)
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Functionv(t) is nondecreasing differentiable and for 0 the inequality

u() <PO{1+FM) + T Bt} (1.55)

O<ty<t

holds.
Lett € (tx, tk+1] N[0,¥6), k> 0, to = 0. From the monotonicity of the functiongt) and
F (u) and inequality (1.55) we obtain

ut) < p<t>{1+F<v<t>)+_kzllrsiu<ti>+rskp<tk>{1+F<v<tk>>
k—1 - k-1
+ 3 Butn)]}<p0 {(1+eps0) (1+F ) + 3 Put)) )

k

-+ <R[+ Bpw) [1+Fve)]. (1.56)

IN

From the definition of functionv(t), inequality (1.56) and the properties of function
Q(u) follows that

Vt) = hHQun) <h®Qfpt) [ (1+Bew(t))(1+F V1)) }

o<ty<t

< h)o(pt) [ (1+Be(td))QAL+FM1). (157)

o<ty<t
From inequality (1.57) and functioR(u) we obtain

d V(1)

4t PV0] = g rvy SM0e (PO [ A+Be)). 59

o<ty<t

We integrate inequality (1.58) from O g we use the initial conditiow(0) = ¢ and
obtain

t
PV) <P+ [ W (p(9) ] (1+ep(s))ds (1.59)
Inequalities (1.56) and (1.59) imply the validity of inequality (1.52). O

Remark 2. We will note that all results in this section are true in the case when the lower
bound 0 of the integrals is substituted by an arbitrary ptjnt O.

1.3. Impulsive Integral Inequalities for Piecewise Continuous
Functions with a Delay of the Argument
In this section some integral inequalities for piecewise continuous functions with a con-

stant delay of the argument are solved. The inequalities are generalizations of the classical
integral inequalities of Gronwall-Bellman and Bihari. The importance of these impulsive
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inequalities is defined by their wide applications in qualitative investigations of impulsive
differential-difference equations.

Initially we will solve a linear impulsive integral inequality for piecewise continuous
functions with a constant delay of the argument.

Theorem 1.3.1.Let the following conditions be fulfilled:
1. Functions f(t),r(t) € C([0,),[0,c0)).
2. Function gt) € C([0,), [0,)) is nondecreasing.
3. Functiony(t) € C([—h,0],[0,)).
4. Function ut) € PC(|—h, ), [0,)) satisfies the inequality

t) <glt) +/ ds+/

Byu(tk) fort > 0, (1.60)

0<tk<t

ut) < Y(t), te[-h,0], (1.61)

where h=const> 0, Bx=const>0, k=1,2,....
Then for t> 0 the inequality

T(t)
ut) < [at)+ / W(s—h)ds] x
(1_|_Bk)e/o S)ds+A(t jhr(s)ds7 (162)
o<ty<t
holds, where
[t fortel0,h] [ 0 forte(0,h]
T(t)_{h for t>h ’Mt)_{l fort>h (1.63)

Proof. Denote the right part of inequality (1.60) byt). Functionv(t) is a nondecreasing
piecewise continuous function, that has points of discontinitk = 1,2, ... and satisfies
the inequalities

u(t) <wv(t) for t >0, (1.64)
uit—h) <v(t) fort>h. (1.65)

Casel. Lett € [0,h]. From inequalities (1.60), (1.61), and (1.64) we obtain
t
t)+ / f(s)W(s— h)ds+ / Sdst 3 Buvlt). (1.66)
0 o<ty<t
According to Lemma 1.1.2 fdre [0,h] the inequality

+/ W(s— hdsK M (1+Bk))é3“5>ds (1.67)

o<ty<t

holds.
Inequalities (1.64) and (1.67) prove the validity of inequality (1.62)tfer [0, h].
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Case2. Lett > h. Then there exists a natural numimesuch that, < h < t,.;. From
inequalities (1.60), (1.64), and (1.65) follows inequality

v(t) = V(tn) + [V(t) — V(tn)]
< V() +gt) —gty) + / v(s)ds+ Biv(te)

th<t<t

(1+Bo)V(tn) +9(t) — g(tn) +/ v(s)ds
+ Brv(tk). (1.68)

th<t<t

From inequality (1.68) according to Lemma 1.1.2 we obtain that inequality

VD) < [(@+ o) +90) 9] ([ (1480l (19576)e= (1 69)

tn <t <t
holds fort > h > t,.
From inequality (1.67) and the monotonicity of function$) andg(t) we obtain
(14 Bn)v(tn) +9() —g(tn) = (1 +Bn)v(h) +9(t) —g(tn) <

<@g {o+ [ f(w(s- s} (] (1+Bo)eliroes

k=1

=}

+o(t) —g(h)]( (1+[3k))efé‘r(s)ds

k=1

(t)+/0hf(s)L|J(s h)d KﬁlJer) r(s)ds (1.70)

From inequalities (1.64), (1.69), and (1.70) follows the validity of inequality (1.62) for
t>h. O

We will prove some nonlinear impulsive integral inequalities for scalar piecewise con-
tinuous functions with a constant delay of the argument.

Definition 3. We will say that the functiorts(u) belongs to the clas#/ if
1. G € C([0,),[0,0)).
2. G(u) is a nondecreasing function.

Definition 4. We will say that the functiorts(u) belongs to the classh (o) if
1.GeW.
2. For everyu,v> 0 we haveG(uv) < @(u)G(v)whereg € C([0,), [0,)).

We note that if functionG € Wy and it satisfies the inequalitg(uv) < G(u)G(v) for
u,v>0thenG e Ws.

Theorem 1.3.2.Let the following conditions be fulfilled:
1. Functions {, f2, f3,p,g € C([0,), [0,)).
2. Functiony € C([—h,0],[0,)).
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3. Function Qe Wx(¢) and Q(u > O foru > 0.
4. Function Ge W,.
5. Function ue PC([—h,»), [0,)) and it satisfies the inequalities

ut) = f0+E06(ct [ peQMus)dst [ Qs )s)

+f3(t) Z Bku(ts) for t >0, (1.71)

o<ty<t

ut) < gt for t € [—h,0], (1.72)

where c> 0,3 > 0,(k=1,2,...).
Then for te [0,y) we have the inequality

ut) < p@ [] (1+Bkp(t))

O<ty<t

{1+G +/ p(s

A /htg<s>¢(p<s— )

(1+ ka(tk)))ds

0<tk<s

a+pow)ddf @

O<ty<s—h

where

[ 0 fortel0,h],
)\(t)_{ 1 fort>h,

p(t)=maxX fi(t):1=1,2,3}, A=c+hBQ(By),
B; =maxg(t):t €[0,h]}, B, =maxy(t) :t € [—h,0]},

u ds
H(u) = W QI+GE) up >0, (1.74)
= 0: 1 d
sup(t > / 0<tk<s( +ka(tk))) s
! -1
+A(1) /h a(s)o (p(s— h) 0<t‘|(:|Sih(1+ ka(tk))> dse DomH ™)
for t€[0,t]}, (1.75)

the function H! is the inverse of Ku).

Proof. Casel. Lett; > h.
Casel.l.Lett € (0,h|N[0,y)#0.
From inequalities (1.71) and (1.72) follows that foe (0,h] N [0,y) the inequality

u(t) < p(t) (1+G(A+ /0 t p(s)Q(u(s))ds)> (1.76)



30 Snezhana G. Hristova

holds.
We define a function : [0,h] N [0,y) — [0.) by the equality

— A+/0t P(9Q(u(s))ds (1.77)

The functionvéo) (t) is a nondecreasing differentiable function oyérh] N [0,y). In-
equality (1.76) can be rewritten in the form

u(t) < p(t) (1+ 6% (1) )- (1.78)

Inequality (1.78), the definition (1.74) of the functidi(u), and the properties of func-
tion Q(u) prove that

@) = WO pOQMY)

de Q1+60’®)) Q(1+6(w 1))

POQ(P(H) (1+G(% (1)
G 5 - ))gp(t)cb(p(t)). (1.79)
Q(1+6(47 1))

We integrate inequality (1.79) from O towheret € [0,h|N[0,y), and we usego) (0)=A
in order to obtain

0) t
HO () <HA)+ [ p(9(p(9)ds (180

Inequalities (1.78) and (1.80) imply the validity of inequality (1.73) faf [0,h] N[0, Y).
Casel.2.Lett € (h,t1)N[0,y)# 0.
From inequalities (1.71) and (1.72) we obtain

ut) < p(t) <1+G el +/
+ /htg<s>Q<u<s—h>>ds))
_ p(t)<1+e(v§,1)(t))>, (1.81)

where the functiorvgl) > [h,t21) N [0,y) — [0, ) is defined by the equality

£) = +/ p(s ))ds+/htg(s)Q(u(s—h ds

From inequality (1.81), the definition of functio (u), and the properties of function
Q(u) we obtain

d
SHOE M) = - )

IN

IA
o
—
~—
<
—
o
~—~
—
~—
~—
_|_
Q
—
~—
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From the monotonicity of functionél) (1), inequalitiewgo) (t—h) < vgo) (h) < v(()l) (t) for
h <t <min(2h,t;), and inequality (1.82) follows the validity of the inequality

SHOP ) < pOB (o) +90) (o).

We integrate the above inequality from Ottovheret € [0,h] N [0,y), and we obtain

) h))+/htp S)d ds+/ a(s )ds
A)Jr/ot p(s)q) ds+/ a(s )ds (1.83)

Inequalities (1.81) and (1.83) prove the validity of inequality (1.73)tfar(h,t;] N [0,y)

T
<
°r
~—~
—
S~—
S~—
A

IN

Casel.3. Lett > t;. We will use mathematical induction to prove the inequality

u(t) < p(t) ﬁ (1+Bot0) ) (1+ 6000 )

for t € (t,tkr1) N[0,y), k> 1. (1.84)

Lett € (t1,t2) N [0,y) # O.
Define a functiorv; : [t1,t2] N [0,y) — [0,00) by the equality

wt) =vo(t) + [ PSS+ [ g(91Q(u(s—h)ds

t1
where .
vy’ (t) fort e [0,h],
wi={ O forteon
Vp (1) fort e (h,ty].

The functionvy (t) is a nondecreasing differentiable function tog (ty,ty] N [0,y). It
satisfies the inequality; (t) > vp(t1) and

ut) < plt <1+G(v1 )+B1u t )
< p(t <1+G(V1 ) +B1p(t1) (1+G(Vo(t1))>>
< p(t <1—|—G it ><1+[31P t1>

Therefore inequality (1.84) holds fore (t1,t2] N[0,y).

Assume that inequality (1.84) holds foe (tx_1,t] N[0,y), wherek is a natural number.
Lett € (ty,tk+1) N[O,Y).

Consider the functiony : [tx, tx+1] N[0,y) — [0, ), defined by the equality

w(®) =v 1t + | PQUUE)ds+ [ gs)Q(uls—h)ds (1.85)

tk
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The functionv(t) is nondecreasing differentiable function such thdt) > vi_1(tk).
Then according to the inductive assumption we obtairt or(ty, tx, 1) N [0,y) the following
inequalities

u(t)

IN

p(0)(1+6(w(v) + Pty

IN

p(0) 1+ GW(H) + Bip(s9 (1+ (e 1(80) + B 2t 1)) )

IN

p(t) (1 GOt +Be-suttn) ) 1+ Bepto

- <p(t) ﬁ <1+ &p(h)) <1+G<Vk<t>>>-

Therefore inequality (1.84) holds fore (t, tkr1] N[0,y),k > 2.
We will use mathematical induction to prove the inequality

IN

(D) < H(A +Z/tl 1+ij( )]ds

t

K
+ p |‘| 1+Bjp(t

+izl/titllg(s)¢[p(s—h) [ (1+Bip(t)]ds

O<tj<s—h

+ ['asplpts—h) ] (L+Biplto)]ds (1.86)

b O<tj<s—h
fort >t;.
Lett e (tl,tz] N [O,y)
Consider the following two cases:

Case Al.Let h<t;—t; andt € (t1 + h,tz] N [0,y). Then from inequality (1.84) we
obtain

u(t—nh)

IN

plt ) (1+G((t~) ) (1+ Brpity)
< o) (1+6040)) (1+Bp(w))

= pt-m(1rom®) [ (1+Be00) e

O<ty<t—h

Case BlLeth>ty—t; andt € (t1,t1+h]N[0,y). Then from (1.84) follows the validity
of the inequality

utt—h) < p(t—nh) <1+G(vo(t—h))>. (1.88)
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From inequalities (1.88) angh(t —h) < v;(t) we obtain
ut—h) < pt—h) <1+G(v1(t))>

- pt-m(1r6m®) [ (1+Be0) @)

O<ty<t—h

Inequalities (1.84), (1.87), (1.89), the definition of functiey{t) and the properties of
functionQ(u) imply that

W) = pOQUL) +QuE-h)
(00 (p) 1+ Proite)

IN

+ a0b(pt-n ] (1+Pe0))

O<ty<t—h
xQ(l—l—G(Vl(t))).
From the above inequality and definition (1.74) of functidiiu) follows that

SHm) = — O

dt Q(1+6 W)
p<t>¢(p<t><1+ rslpal)))

(1+ ka(tk)>>-

We integrate the above inequality framto t and use inequality (1.83) to obtain

IN

+g<t>¢<p<t—h>

O<ty<t—h

HOA(0) < HOo(t) + | P90 (po)(1+ Prpity) ) ds

+/ﬁtg(s)¢(p(s—h)o t|_| L (1+ka(tk)))ds

HA)+ [ p510(p(9))as+ [ a0 (p(s—)ds
t

+ /tlp(5)¢<p(5)(l—|—B1p(tl))>ds
+ Atg(sw(p(s_h) M (1+Bet))ds

O<ty<s—h

IN

Therefore inequality (1.86) holds fore (t1,t2] N[0,y).
Assume that inequality (1.86) holds foe (tx_1,t] N [0,y).
Lett € (t, tk+2) N[0,Y).

Consider the following two cases:
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Case AkLeth <ty —tx andt € (tx+ h,tk+1) N [0,y). Then from inequality (1.84) we
obtain

ut—h) < p(t—h>(1+G<vk<t—h>>)ﬁ(lwip(ti))

k
plt—)(1+6(k() I (2+o)
— pt—h (1+G<vk<t>>)o<t|;|th (1+Bo). @90

IN

Case BkLeth >t 1 —tx andt € (t,tk+h|]N[0,y). Then

k—1

ut—h) < p(t—h>(1+e<vn<1<t—h>>)|‘l(1+sip<ti>). (1.91)

=
From inequalities (1.91) ang_1(t —h) < w(t) we obtain

k-1

ut=h) < p(t=h)(1+6(wt)) [ (1+Fe))

= pt=h(1+6m1)) [ (1+Bip®). (1.92)

O<ti<t—h
Inequalities (1.84), (1.90), (1.92), equality (1.85), and the properties of funQian
imply that

V() = p®Q(u(t)) +gt)Q(ut—h)

k

(P00 (o0 [] (2+B00)
+ g(t)q)(p(t—h) [ (1+Bip(ti))>>

IN

O<ti<t—h
><Q<1+G(vk(t))>. (2.93)
From definition (1.74) and inequality (1.93) follows that
d (Vi(t))’
SHW() =
i Q(1+6w1)

k
< p(t)¢<p(t) u<1+sip<ti>>)

+9(t)o <p<t —h) (1+Bip<ti>)>.

O<ti<t—h
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We integrate the above inequality frdgtot and use the inductive assumption to obtain
H(w(t) < H(w-1(t)) +/ < <1+BI (t ))>d5
+ g(S)¢ p(s—h) 1+Bip(t) ) )ds
2 ( 0<t!:|sh( e ))

1
HA) + [ p(oe (p(s) )ds

IN

t k
+ . p(s)¢ <p(s) B(H Blp(tl))) ds

+ [ a9 (pls-

Therefore inequality (1.86) holds faor> t;.
Inequalities (1.84) and (1.86) prove the validity of inequality (1.73)tfor t;.
Case2. There exists a natural numb@rsuch that, < h < tm.1. Asin case 1, we use

functionsv € C([tk, tr2) N[0,Y), [0,°°))3

(1+ Bip(ti)) ) ds

O<ti<s—h

W) = Vica(t) +/ ))ds for k=0,1,. (1.94)
W) = Vica(t) +/ 9)ds+ | ' 9(9)Q(u(s—h)ds k> m.
k
to prove the validity of inequality (1.73). O

As a partial case of Theorem 1.3.2 we obtain the following result:

Corollary 1.3.5. Let the conditions of Theoreh.3.2 be fulfilled and the functiom(t)
satisfies the inequality(ts) < ¢(t)d(s) fort,s> 0.
Then for te (tx, tk+1] N[0,Yy3) the inequality

ut) < p@) [ (1+Bxp(t))

o<te<t
{1+G +/ p(s) [ (1+Bep(t))ds
A [ 9(5)¢(p(8—h)0 n h<1+ka<tk>>)ds]} (1.9

holds, where the functiongt) and H(u) are the same as in Theorem 1.3.2 and
T
Vi = supt=0:H(@+ [ p(e)d(p(s) [ (1+Bep(t))ds

o<ty<t
MO [ 9(99(o(s- (1+Bip(t)) )ds< Dom(H )
h O<ty<t—h
for T [0,t]}. (1.96)
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In the case when functiofy(t) = 0 in inequality (1.71), we obtain a different upper
bound of the unknown piecewise continuous function, where the funtfiar) is defined
in different way.

Theorem 1.3.3.Let the following conditions be satisfied:
1. Functions §, f3,p,g € C([0, ), [0,)).
2. Functiony € C([—h,0],[0,)).
3. Function Qe Wx(¢) and Q(U > 0foru > 0.
4. Function Ge W;.
5. Function ue PC([—h,»),[0,)) and it satisfies the inequalities

G<c+/0t pP(s)Q( ds+/ g(t ds>

c
—~~

—
~—

A

+f3(t) Z Byu(ty) for t >0, (2.97)
o<ty<t
u(t) < w(t) forte[—h0], (1.98)

where c>0, Bx>0,(k=1,2,...).
Then for te (ty,tk+1] N[0,y), (k=0,1,2,...) the inequality

k
ut) < p()l](1+Bi p(ti))

><G( “HH(A +Zl/t.tllp

k
+ p |‘| 1+Bjp(t

(1+ij( j))]ds

H: I\

Z/t.tllg -h) ] (@+Bjp(t)]ds

O<tj<s—h

AW | ‘9(9) [p(s—h) [ (@+Bip(t)]ds}) (1.99)

O<tj<s—h

holds, where the functiok(t) and the constants ;,B,,y are defined in Theorem 1.3.2,
p(t) =max fi(t) :i=2,3},

u ds
H(u) = uom, up>A>0. (1.1200)

The proof of Theorem 1.3.3 is analogous to the proof of Theorem 1.3.2. O

As a partial case of Theorem 1.3.2 we obtain the following impulsive integral inequality
for piecewise continuous functions without deviating argument.

Theorem 1.3.4.Let the following conditions be fulfilled:
1. Conditionsl, 3, 4 of Theoremnil.3.2 are satisfied.
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2. Function ue PC([0,), [0,)) and satisfies the inequality

ut) < Fa(t)+ falt) c+/ P(9QU(S)dS} + fa(t) T Beu(ty

o<ty<t

fort >0, (1.101)

where c> 0,B¢ > 0,(k=1,2,...).
Then for te (tx,tk+1) N[0,¥6), K= 0,1,2,... the inequality

ut) < p@ [] (1+Bup(t))

o<te<t tl o
<1+F +Zl/t.1h |:| 1+ Bjp(t;
+ kh ﬁl (1+Bp(t; })) (1.102)

holds, where function Ku) is defined by1.74), functiorp(t) = max fi(t) : i = 1,2},

Yo = sup{ t>0:H(c +Zl/t (1+ij< j)]ds

+ IO(S)¢[D( )I_L(1+BJP( j))]dse Dom(H™)

tk =

for T € (tx, tkyr1) N[O,t], k= 0,1,...}.

Itis easy to see that inequality (1.102) in Theorem 1.3.4 gives us better estimate of the
functionu(t) than inequality (1.52) in Theorem 1.2.3.

Remark 3. As a partial case of Theorems 1.3.2, 1.3.3, 1.3.4 and Corollary 5, some integral
inequalities for continuous functions, solved in [104], [105], [106], could be obtained.

We will study impulsive integral inequalities, in which the unknown function is in a
power.

Theorem 1.3.5.Let the following conditions are fulfilled:
1. Functions fg,h,r € C([0,),[0,)).
2. Functiony € C([—h,0],[0,)) andy(t) < c fort € [—h, 0], where c> 0.
3. Function ue PC([—h,»),[0,)) and satisfies the inequality

Wwt) < c+ / g(9UY(S)UP~%(s— h) + h(s)u(s)
+r(s)u(s—h)]ds+ z BkuP(tk) fort >0, (1.103)
o<te<t
ut) < y(t) for te[—h,0]. (1.104)

where the constants p 1,0 < g < p.
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Then for te (ty, tky1], kK= 0,1,2,... the inequality

k
u®) < {/[] 2+ A

X \‘/(c+ p%l.l /Ot(h(s) +r(s))ds)é5 (f(s+a(o)+ M2 )ds (1.105)

holds.

Proof. Casel. Lett; > h.
Casel.l.Lett € (0,h]. Define afunctiorvéo) : [=h,h] — [0,) by the equalities

c+ [o[F(S)UP(t) +g(s)ud(s)uP-9(s—h) +h(s)u(s)
o ()= {

+r(s)u(s—h)]ds for t € [0,h],
YP(t) for t€[—h,0).

The functiom(()o) (t) is nondecreasing 0, h]. From the inequalitieaP(t) < vgo) (t) and
XMW < mx+ny, m,n>0, n+m= 1 we obtain

u(t) < pvg°><t>gV50;(t)+p;pl, t €[0,h] (1.106)
and
o) ORI
< Véo:)(t)+%1, t € [0,h]. (1.107)

From the definition of functiorvéo) (t) and inequalities (1.106) and (1.107) follows the
validity of the inequality

V1) = FOUP) +gt)ud(t)uP-9(t —h) + h(t)u(t)
)

—h
P
—
<
°c
Nl
~~
—
«Q
—
N~—
<
°c
Nl
~~
—
S~—
~—
ola
<
)
=
—~
—
>
S~—
SN—

p
(1) | p-1 Wit  p-1

N
/

—h
P
—
SN—
+
«Q
—
S~—
+

or

p
+ /ot (f(s)+g(s)+w)véo)(s)ds (1.108)
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According to Lemma 1.1.1 and inequality (1.108) we obtain the inequality

véo)(t) < <c+p%/o(h(s)+r(s))ds>

<J‘é (f(t)+g(t)+—“<s>;f<s>> ds>
xe . (1.109)

From inequality (1.109) follows the validity of inequality (1.105) foe [0,h].
Casel.2.Lett € (h,ty].

Define a functiorvgl) : [h, tl] — [0,

Wiy = / f(s g(SUI(S)UPI(s—h)
+ () (s)+r(s ( )] s

[f(
+1(

From the definition of functlor\v0 (t) and inequality (1.103) we obtain
)

(t), te(hti. (1.110)

) by the equality

UP(t) < V5t

Consider the following two cases :
Casel.2.1. Leth <t <min(ty,2h). Thent —h € (0,h] and

ut—h) < PMa-h < H@m < e

®
< % ®, p-1 (1.111)
p p
Casel.2.2.Lett € (2h,t1]. Then
@ -
=) < {0 < hP < U B2 (1112)

From the definition of functiowél) (t) and inequalities (1.110), (1.111), and (1.112) we
obtain the inequality

M) < (fO+90)+ ht)+rt)) *pf“”)vgn (t)
+0(O)+r) P2, (1113)

From inequality (1.113) using Lemma 1.1.1 we obtain the following bound for function
(D) 1y
Vo (1):

xexp(/ot (f(t)+g(t)+%)ds>. (1.114)
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Inequalities (1.110) and (1.114) prove the validity of inequality (1.105) oyt .
Casel.3. Lett € (tg,t7] .
Define a functiorv; : [t1,ty] — [0,0) by the equality

vit) = vo(ta) + / g(SU(S)UP%(s— h) +h(s)u(s)
+r(s)ju(s— h)}ds+[31up(t1)
where

(0)

V' (t) fort € [0,h],
Vo(t) ?1)( ) [ ]

Vg (t) fort e [h,ty].

We will note that the following inequalitieso( ) < vl(t) P(t) <wi(t), uP(t1) <wp(ty),

u(t—h) < VD), u(t —h) < Yvi(t) and {a () < B + 2L hold fort € (ty, ta].

Functionv; (t) satisfies the mequallty

Vl(t) <

IN

<(1+ B1)vo(ta) + p_pl /tl (h(s) + r(s))ds)

><exp</t: (f(t)+g(t)+M—gr(s))ds>
(1+B1) <c+p%1/0t(h(s)+r(s))ds>

><exp</ot (f(t)+g(t)+L;rr(s’))ds>, (1.115)

From the inequalityP(t) < vi(t) and (1.115) follows the validity of inequality (1.105)
fort e (ta,ty].

By using mathematical induction we prove the validity of inequality (1.105)for0.

Case2. There exists a natural numbersuch that,, < h <ty 1. As in the proof of
case 1, we use functiong(t),k=1,2,... defined by the equalities

IN

t
Vk(t) = Vi_1(t) +/t [f(s)uP(t) +g(s)ud(s)uP~9(s—h) +h(s)u(s)
+r(s)u(s—h)]ds+ BxuP(ty). O
Corollary 1.3.6. Let conditionl of Theoreml.3.5be fulfilled and
Pit) < c+/ot[f(s)up(s) +h(s)u(s)]ds+ BkuP(ty), fort >0,
0<f<t

where the constraints p 1,0 < q < p, and ue PC([|0,),[0,)).
Then, for te (t,tk+1], k=0,1,2,... the inequality

U(t)s\/(l

h(s)

(1+B) c+—/h dsefo( 9+ s

'_:x

holds.
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1.4. Impulsive Integral Inequalities for Scalar Piecewise Con-
tinuous Functions of Two Variables

Impulsive integral inequalities for scalar functions of two variables can be applied for qual-
itative investigations of impulsive partial differential equations. For example, in the paper
[95] the stability of the solutions of nonlinear impulsive partial differential equations is
studied with the help of impulsive integral inequalities.

In this section some linear impulsive integral inequalities for scalar piecewise continu-
ous functions of two variables are solved.

Let {x}o and{y; }7 be two increasing sequences of real numbers such that
limx; =0 and jlirDyj = o0,

|—00

Let pointsxg > 0,yo > 0 be fixed. We denote b the set of all scalar functions of two
variablesu(x,y) such that:

(i) The functionu(x,y) is nonnegative and integrable @= {(s,t) € R2: s> xg, t >
Yo}

(i) For any fixed numbey >y, the functionu(x,y) is piecewise continuous ix, and
it has points of discontinuity at pointsx } 5, andu(x;,y) = limy_.x_ou(X,y).

(iii ) For any fixed numbex > xo the functionu(x,y) is piecewise continuous function
in'y, and it has points of discontinuity at poinf; }3, andu(x,y;) = limy_y, _ou(X,y).

We will prove some linear integral inequalities for piecewise continuous functions of
two variables.

Theorem 1.4.1.Let the following conditions be fulfilled:
1. The functions (x,y), f(X,y) are from sefQ.
2. The inequality

X ry
uxy) < c+/ f(s,t)u(s,t)dsdt
Xo YYo

+ > Bijulxy;) for(xy)€G (1.116)
Xo<Xj<X
Yo<yj<y
holds, whered;j; = const> 0.
Then for(x,y) € G the inequality

uy) e ] (L+By))ebolo (o005 (1.117)

Xo<Xj <X
Yo<yj<y

holds.

Proof. We denote by(x,y) the right part of inequality (1.116). Functiorx,y) is nonde-
creasing inx andy. For any fixedy > yp we define a functiomv(x) =v(x,y). The function
w(X)is differentiable function fox > xp, X # X;,i = 1,2, ... and satisfies the equalities

W () :/y:f(x,t)u(x,t)dt for x # x;, (1.118)
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w(x +0)—w(x) = z Bijulx,y;) i=1,2,... . (1.119)
Yo<Yi<y
Sinceu(x,t) < v(x,t) < v(x,y) = w(x) andu(x,y;j) < V(X,Yj) < V(x,y) =w(x) for
Yo <t <Yy, Yo <Yyj <Yy, fromthe equalities (1.118) and (1.119) we obtain
y
w(x)<w(x)[ f

(x,t)dt for x #x,
Yo

W(% +0) —w(x) = Z Bijw(x) i=1,2,... . (1.120)
Yo<yj<y

Inequality (1.120) implies the validity of the integral inequality
X oy

w(x) < w(xo)+ / { f(s,t)dt}w(s)ds
Xo Yo

+ Y { Y B

Xo<Xi <X " Yo<Yj<y
From Lemma 1.1.2 and the above inequality follows the validity of the inequality
e (fyyo f(st)dt) ds
wx)<wio) 1 (1+ 3 Bij)e . (1.121)
Xo<Xj <X Yo<Yj<y

From inequality (1.121) and the relations
m m
W) =c, 1+ Bij < [1(1+Bij)
L

it follows the validity of the inequality

w(x) < C( [ (@+By))efolorisns (1.122)
Xo<X <X
Yo<Yj<y

From inequalities (1.122) angx,y) < v(X,y) = w(x) we obtain inequality (1.117). O

Theorem 1.4.2.Let the following conditions be fulfilled:

1. Functions x,y), f(x,y),a(x,y) are from setQ, function gx,y) is decreasing in any
of its arguments x and y.

2. For any point(x,y) € G the inequality

u(x,y)éa(x,y)Jr/X: yyf(s,t)u(s,t)dsdt+ z Biju(xi,Y;j) (1.123)

Xo<Xj <X
Yo<yj<y

holds, whereBj; = const> 0, X,Yo € R are fixed points.
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Then for(x,y) € G the inequality

u(xy) <a(xy) ( [1 (148 )) ol (S0 (1.124)
Xo<Xj<X
Yo<yj<y

holds.

Proof. Let (x,y) € G andy > yp be fixed arbitrary points. Then for any cougle n) such
thatxy < & < xandyp < n <y we obtain from inequality (1.123) and the monotonicity of
the functiona(x,y) the following inequality

&
U(Ea n) < a(X7 y) +/ f(S,t)U(S,t)det+ z BIJ U(Xi,yj). (1125)
Xo /Yo Ko <X <E
Yo<yj<n

From inequality (1.125) and Theorem 1.4.1 we obtain thakfor { < xandyo<n <y
the inequality

uEm <axy( [ (1+By ))effo 12 f(st)dsdt (1.126)
Xo<X <&
Yo<yj<n
holds.
Sincexg < & < xandyg < n <y, we can substitute= x andn =y in inequality (1.126).
Then we obtain inequality (1.124). O

Theorem 1.4.3.Let the following conditions be fulfilled:
1. Functions §x,y), f(x,y),a(x,y),g(x,y) are from sefQ.
2. For (x,y) € G the inequality

u(x,y) ga(x,y)+g(x,y){/>:/y:f(s,t)u(s,t)dsdt

+ Y By (1.127)
Xo<Xj <X
Yo<Yj<y

holds, whereBj; = const> 0, x, Yo € R are fixed points.
Then for(x,y) € G the inequality

X ry
ux,y) < a(x,y)+g(x,y){/x y f(st)a(s,t)dsdt
+ ) Bija(xi,yj)}

Xo<Xj <X
Yo<yj<y
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)’
x( M @+Big.y)) )efxo f(stig(st)dsdt (1.128)
Xo<Xj <X
Yo<yj<y
holds.
Proof. We define the function
X ry
v(x,y) = / / fshustdsdtr T Byu(ay)): (1.129)
Xo /Yo
Xo<Xj<X
Yo<yj<y

From inequalities (1.127) and equality (1.129) we obtain

X ry
vy < [ [Cisnastdsdt Y Braty)
X0 Yo Xo<Xj<X

Yo<yj<y

X ry
+ / f(sHg(stiv(st)dsdtr 5 Bijg(x,yi)V(x,i)- (1.130)
Yo Tyo Xp<Xj <X
Yo<yj<y

According to Theorem 1.4.2 from inequality (1.130) follows the validity of the inequal-
ity

vxy) < :{/X:y:f(s,t)a(s,t)dsdt+ Y Bialy)}

Xo<Xj <X
Yo<Yj<y
X( [ @+ Bij@J(>q,yj)))efxxofyyo fstg(stydsdt (1.131)
Xo<Xj <X
Yo<yj<y
From inequalities (1.127), (1.131), and the definition of functigr,y) we obtain in-
equality (1.128). n

1.5. Applications of the Impulsive Integral Inequalities

With the help of some of the impulsive integral inequalities proved in this chapter we will
study qualitative properties of the solutions of nonlinear impulsive equations. To show the
wide specter of applications we will study various types of impulsive equations.

Case 1Impulsive ordinary differential equations

Consider the nonlinear impulsive differential equation

X = f(t,x), t#t, (1.132)
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X(t+0) — X(t) = lk(X(t)), (1.133)

with initial condition
X(to) = Xo, (1.134)

wherex € R", to € R is a fixed point.
The solutionx(t; to, Xo) of the initial value problem (1.132)—(1.134) satisfies the impul-
sive integral equation

X(t;to,X0) = X0+ /t t f(s,x(sto,X0))ds+ k(X (t; to, X0)) - (1.139)

o<tk <t

We will say that the conditions (H) are satisfied if:

H1. Functionf(t,x) € C(Jtg,) x R",R").

H2. FunctionW(t,s) € C([to,®) x [0,),[0,)) and satisfies the inequaliff (t,x)|| <
W(t, ||x||) fort > tg, x € R".

H3. There exist function®(t) € C(]0, ), [0,0)), andA(t) € C([to, ®), [0,)) such that
A(u) >0, u>0and||f(t,x)— f(t,y)|| <A(t)Q(||x—y]||) fort >to, X,y € R".

H4. For (tg,%p) € [0,) x R" the initial value problem (1.132)—(1.134) has a solution
X(t;to,Xo), defined fort > to.

H5. There exist functiongy € C([0,),[0,)), k=1,2,... such that forx € R" the
inequalitieg |1k(X)|| < &(||x||), k=1,2,... hold.

H6. There exist functiongi € C([0,),[0,)),k=1,2,... such that forx,y € R" the
inequalities||lk(x) — l(y)|| < (|/[x—Y]]), k=1,2,... hold.

A/ Uniqueness of the solution of the initial value probléhil32)—(1134).

Let the conditions H1, H3, H4, H6 are fulfilled f@(x) = X, yk(X) = BkX, Bk = const>
0,k=1,2,....

Consider the functiom(t) = ||x(t;to, X0) — Y(t;to,X0)||, where the functions(t;to, Xo)
andy(t;to,xo) are two arbitrary solutions of the initial value problem (1.132)—(1.134).

Functionu(t) is nonnegative. From the integral equation (1.135), which is satisfied for
both solutions«(t; to, Xo) andy(t; o, Xo), and the properties of the functiorfigt, x) andly(x)
follows the validity of the integral inequality

t
u(t) < /to ASuSdst S Beulty).

to<tk<t

According to Theorem 1.1.1 far= 0, p(t) =1, v(t) = A(t) from the above inequality
follows the inequalityu(t) < O, that proves the equality(t) = 0 fort > tp , i.e. both
solutions coincide.

B/ Continuous dependence of the solution of the initial value proljleri32)—(1134)
on the initial conditions.

Let conditions H1, H3, H4 and H6 be fulfilled.
Consider the functiom(t) = ||x(t;to,X0) — Y(t;to, Yo)||, where the functiong(t;to, Xo)
andy(t;to, yo) are two solutions of the initial value problem (1.132), (1.133), (1.134).
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The functionu(t) is nonnegative.

From the integral equation (1.135), that is satisfied for both solutiqtido,Xp) and
y(t;to,Yo), and the properties of the functiort, x) andly(x) follows that the functioru(t)
fort > tp satisfies the integral inequality

ut) < o —yol|+ [ A(SQUUSIIST T weluity). (1.136)

to<tk<t

Let Q(u) = uandyk(u) = Bxu, Bx=const>0, k=1,2,....

From inequality (1.136) according to Theorem 1.1.1def ||Xo — Yo||, p(t) = 1, v(t) =
A(t) follows the inequality
u(t) < [Ixo—yol| [] (A+B0efe*®% t>1 (1.137)

to<ti<t

Let € > 0 be an arbitrary numbeil, > tg be a fixed constant. We define a constant
0 =9(g) > 0 by the equality
-1

d=c¢ LO<|:|<T(1+ B)e(T-0| =

whereK = max{A(t): t € [to, T]} < oo.

Then from inequality (1.137) follows that fot € [to, T| the inequalityu(t) < € holds,
i.e. the solutions of the initial value problem (1.132), (1.133), (1.134) depend continuously
on the initial conditions. O

Remark 4. With the help of integral inequalities we can study the continuous dependence
of the solutions on the parameter, on the impulsive functions, as well as the stability.

C/ Bounds of the solutions of the initial value probléin132)-(1.134).

We will obtain bounds of the solutions of the impulsive equation (1.132), (1.133) with
different right parts.

Let conditions H1, H2, H4 and H5 be satisfied, wh&v/é,u) = Lu, y(u) = Bku, L =
const> 0, Bx =const>0,k=1,2,....

From the integral equation (1.135), which the solution of the impulsive differential
equation (1.132), (1.133) satisfies, the conditions of functis<) andlk(x) and Theorem
1.1.1 we obtain the following bound for the solutiait;to, %) of the initial value problem
(1.132)—(1.134):

[X(t:to,x0) | < [xol| [] (1+Be)e-t-").
to<ti <t

Let conditions H1, H2, H4 and H5 be fulfilled, whek(t,u) = g(t)F(u), &(u) =
Bku, Bk = const> 0, k=1,2,.... Let functiong(t) € C([ty,»),[0,)), function F (u)
be nondecreasing, positive continuous function and there exist condtantsl, k=

1,2,..., such thatG((1+ Bk)x> —G<(1+Bk)y) < Mk(G(x)— G(y)) for x,y € R" and
Jo (|‘|s<ti Mi>g(s)ds< o, whereG(u) = fo'£75-
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Then according to Theorem 1.1.2 far= ||xo||, f(S) = 0, we obtain the following
bounds for the solution of the initial value problem for the impulsive differential equation
(1.132)—(1.134):

Ixtito x| <G {6R)+ [ ( [] M)a(sds}.

s<ti<t

whereR(t) = |[Xol| [Tttt (1+ Bo)-

In the partial case, when the functiog&) = L = const> 0, F(u) = ,/u and the con-
stantsBy =B >0, (k=1,2,...), functionsG(u) andG(u) are defined byz(u) = 2\/u
andGY(u) = ”72. In this case the constan® = /143, k=1,2,... and we obtain the
following bounds for the solution of the initial value problem for the impulsive differential
equation (1.132)—(1.134):

(1+B)~
4

2
IIX(t:to, Xo)|| < {2on|| +|_} fort € (tetee], k=0,1,2,....

Case 2Impulsive differential-difference equations

We will illustrate some possible applications of impulsive integral inequalities for in-
vestigating of properties of the solutions of impulsive differential-difference equations.
Consider the nonlinear impulsive differential-difference equation

X = f(t,x(t),x(t—h)), t>to, t#t, (1.138)
X(t+0) —X(txk —0) =1 (x(t)), (1.139)

with initial condition
X(t) =6(t), teto—h,to], (1.140)

wherex € R", h= const> 0,ty € R is a fixed point.
The solutionx(t; to,¢) of the initial value problem (1.138)—(1.140) satisfies the equali-
ties

KGo®) = 0lto)+ [ (5 X(5t0.0).X(5-ito.4))ds

+ I (X(tk; to,d)) fort >to, (1.141)

to<ty<t
X(t;to,d) = ¢(t) fort e [to—h,to). (1.142)
We will say that conditions (H) are satisfied if:
H1. Functionf(t,x,y) € C(Jto,) x R" x R",R").
H2. Functiond(x) € C([to— h,to],R").
H3. There exists a function

W(t,s,r) € C([tg,») x [0,00) x [0,00),[0,00))
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such that| f(t,x,y)|| <W(t,||x]|],||y||) fort >ty andx,y € R".
H4. There exist two functionsQ(t,s) € C([0,») x [0,0),[0,0)) and A(t) €
C([to, ), (0,)) such that

[t xa,y1) = £t %2, y2) [| < MOQ(Ixa = Yall, [x2 = y2l)

fort >to, X,y € R", i=1,2.

H5. Fortg > 0, ¢ € C([to— h,t], R") the initial value problem (1.138)—(1.140) has a
solutionx(t;to, ¢), defined fort >ty — h.

H6. There exist functiong(u) € C([0,), (0,)), k=1,2,... such that fox € R" the
inequalities |Ix(x)|| < &(|[x]]),k=1,2,... hold.

H7. There exist functiongi(u) € C([0,), (0,)), k=1,2,... such that forx,y € R"
the inequalitieg|lx(X) — lk(Y)|| < w(||x=Yl|), k=1,2,... hold.

A/ Uniqueness of the solution of the initial value problébi38)—(1140).

Let conditions H1, H2, H4, H5 and H7 be fulfilled f@(x,y) = X+, Yk(X) = BxX, Bk =
const>0,k=1,2....

Consider the functiom(t) = ||Xx(t;to, &) — y(t;to, d)||, wherex(t;to, ¢) andy(t;to, ) are
two arbitrary solutions of the initial value problem (1.138)—(1.140).

Functionu(t) is defined fort > to — h and it is nonnegative. From equalities (1.141),
(1.142), that are satisfied for both solutiotit; to, §) andy(t;to, ¢) and the properties of the
functionsf(t,x,y) andlx(x) we obtain the integral inequality

uit) < t)\(s)u(s)der t)\(s)u(s—h)ds—k Bru(ty) fort >to,

o to to to<ik<t
u(t)=0 forte [to—h,tg]. (1.143)

From the impulsive integral inequality (1.143) according to Theorem 1.2.1 we obtain
thatu(t) < 0 fort > to. Therefore both solutionst;to, ¢) andy(t;to, ¢) coincide.

B/ Continuous dependence of the solution of the initial value proljleri38)—(1140)
on the initial function.

Let conditions H1, H2, H4, H5 and H7 be fulfilled.

We define a function(t) = ||x(t;to,d) — y(t;to, W)||, wherex(t;to, ) andy(t;to, W) are
two solutions of the initial value problem (1.138)—(1.140).

Functionu(t) is nonnegative. From equalities (1.141), (1.142), that both solutions
X(t;to,d) andy(t;to, W) satisfy and the properties of the functiof§t,x,y) andIx(x) fol-
lows the impulsive inequality for function(t)

ut) < [lo(to) - Wito) r+/A u(s—h))ds
+ YkU(tk), t>to, (1.144)

to<tc<t

u(t) = [[o(t) —w®)l, telto—htol. (1.145)
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Let Q(u,v) = u+vandyg(u) = Bxu, Bx=const>0,k=1,2,....
From inequalities (1.144)and (1.145) according to Theorem 1.2.1 we obtain the inequal-
ity

u®) < {1000 -wl+ [ Ao~ (s ]ds}

(1 @+po)eRXo% 1 (1.146)
to<ty<t
t, forte[O,h
whereT (t) = h fortih]

Let € > 0 be an arbitrary numbef, > ty be a fixed constant. We define the number
0 =9(g) > 0 by the equality

-1
d=¢|(1+Mh) (1+By) |)eMT-0)| 7
rnam( ] (B )]
whereM = max{A(t) : t € [to,h]} < co.
Let the initial functionsd, Y € C([to — h,to],R") be such thasup{||pt) —p(t)||: t €
[to—h,to]} < &. From the inequality (1.146) follows that fdre [to, T] the inequalityu(t) <

€ holds, i.e. the solutions of the initial value problem (1.138)—(1.140) depend continuously
on the initial function.

C/ Bounds for the solutions of the initial value probléin138)—(1140).

We will consider impulsive differential-difference equations with different right parts.

Case C1.Let conditions H1, H2, H3, H5 and H6 be fulfilled, wheWé(t,u,v) = Lu+
Kv, &(u) = Bku, L = const> 0,K = const> 0, Bx =const>0,k=1,2,....

From equalities (1.141), (1.142), that are satisfied for the solutions of the initial value
problem for the impulsive differential-difference equation (1.138)—(1.140), the properties
of the functionsf (t,x,y) andlx(x), and Theorem 1.2.1 we obtain the following bound

h
; (L+K)(t—to)
Ixtito0)1 < [160) 1+ [ 0(0)ds|( [ (1Bo)el00w

Case C2Let conditions H1, H2, H3, H5 and H6 be fulfilled, where

W(t,x,y) =g(t)F(x) +r(t)F(y),
O (u) = Bku, Bx=const>0,k=1,2,....

Let functionsg(t),r(t) € C(]to,),[0,)) are nondecreasing, functidh(u) is non-
decreasing positive continuous and there exist constsligts- 1,k = 1,2,... such that

G<(1+ Bk)x) - G((1+ Bk)y) < Mk(G(x) - G(y)) for x,y € R" and the inequality
J5° (Msct<tMi ) g(9)ds < eo holds, where3(u) = [’ £
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According to Theorem 1.2.3 we obtain the following bound for the solution of the initial
value problem for the impulsive differential-difference equation (1.138)—(1.140):

It d) < GH{G(16) [ (1+B0)

to<ty<t
+ (SELM‘) (a(9+7(9))as}.

wheresup{||¢t) : t € [to—h,to]} = [|(to)]]-

Case C3. Let conditions H1, H2, H3, H5 and H6 be fulfilled, where function
W(t,u,v) = gt)u™+r(t)v", 0<m< 1, &(u) = Bku, L = const> OM = const> O,
Bk =const>0,k=1,2,....

Let functionsg(t),r(t) € C([0,),[0,)) be nondecreasing.

In this case the function(u) andG1(u) are defined by the equalities

uds st

Gu = | —=
(W) oS 1-m

and G Hu)=[(1-m)d =

ThenMy = (1+Bx)*™. The solutionx(t;to,¢) of the initial value problem for the
impulsive differential-difference equation (1.138)—(1.140) satisfies the inequalities

t
[Ix(t:to,d)|] < ||¢(to)+/tog(8)ll><(sto,¢)llmds
t
+ tr(S)HX(S—h;to,d))lldeto tBkHX(tk;thq))Hv
fort > to, (1.1247)
[x(t;to, 0)1| = [|6(1)]| fort € [to— h,to]. (1.148)

Let the conditiorsup{||¢¢) : t € [to—h,to]} = ||d(to)|| be satisfied. Then according to
Theorem 1.2.4 from inequalities (1.147), (1.148) follows the estimate for the solution of the
initial value problem for the impulsive differential-difference equation (1.138)—(1.140)

XGo)l < (] @+B0){6(t0)*™

to<ty<t

+(1- m)/tot (g(s) +r(s))ds}ﬁ.

D/ Continuous dependence of the solutions of impulsive differential-difference equa-
tions on a parameter.

Consider the initial value problem for the nonlinear impulsive differential-difference
equation that depends on a parameter:

X = f(t,x(t),x(t—h),A) for t >to, t #ty, (1.149)
X(tc +0) —X(tc —0) =1 (X(t),A), k=1,2,..., (1.150)
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X(t)=o¢(t), telto—h,to, (1.151)

wheref : [to,0) xRXxRXxA —-R,ACR,¢: [to—hto] = Rlx: RxA—=R,k=1,2..,
h = const> 0,1 is a fixed pointA € A is a parameter.

We will prove the continuous dependence of the solution of (1.149)—(1.151) on the
initial function and on the parameter.

Theorem 1.5.1.Let the following conditions be fulfilled:
1. Function f e C([tp,) x R x R x A\, R) is Lipshitz, i.e. there exist positive constants
K,L,N such that

2. Functions k€ C(R x A\|R), (k=1,2,...) are Lipshitz, i.e. there exist positive con-
stants M, C, such that

[T(X,A) = 1k(&, )| < My|x—&| +Cic|A — .

3. The initial value problem for the nonlinear impulsive differential-difference equation
(1.149)—(1151)has a solution X() for any % € R,A € A and¢ € PC([to — h,to].

Then the solution () of the initial value problem for the nonlinear impulsive
differential-difference equatiofi1.149—(1.151) depends continuously on the parameter,
i.e. for any positive number there exists a positive numbar= d(g) such that for every
A € A, such that]A —A*| < & the inequality|x(t) — x*(t)| < € holds for te [to, T], where
to < T < oo, X(t) is the solution 0f(1.149)—(1.15) with a parametem\, and X (t) is the
solution of(1.149)—(1151)with a parametei™.

Proof. Lete be an arbitrary positive number. We choose a numeiO such that

5 < £ o (K+0)(T—to).

[N(T *tO) + Zi:t0<ti<T Cl} |_|to<ti <T (1+ Mi)

LetA* € A and € PC([to — h,to] be fixed. Let the paramet@re A satisfies the in-
equality|]A —A*| < &. Then functions(t) andx*(t) satisfy the inequalities

X(t) = b(to) +/t0t £(5,X(9),X(5—h), \)ds

+ lk(X(tk),A), te€[to, T], (1.152)

to<k<t
X(t) = ¢(t) fort € [to—h,to], (1.153)
and

(1) = b(to) + [ F(8X(8),x(5—h),\")ds

to

+ S (X (b)), tE [to,T], (1.154)

to<tc<t
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X' (1) = §(t) fort € [to— h,to]. (1.155)

The equalities (1.152)—(1.155) and the conditions 1 and 2 of Theorem 1.5.1 prove the
validity of the impulsive integral inequality

X(t) —x*(t)] < /ny (s)|ds+/tL]x(s—h)—x*(s—h)|ds

+ N(T—t0)d+ MkIX() X (ti) [+ Cid
to <k ito<ti<T

S[N(T—to)Jr Q ny (s)|ds

ito<ti<T

+ /t Lix(s—h) —x"(s—h)jds+ S Myx(t) — X" (&)
to

o<ty <t

IN

fort € [to, T].

The above inequality and Theorem 2.2.1 prove the continuous dependence of the solu-
tion of (1.149)—(1.151) on a parameter. O

Case 3Impulsive integral equations with delay

Consider the scalar impulsive integral equation with delay

t t 2
ut) = fo)+| /0 p(s)/u(s)ds + /O 9(s)/us—hyds|

+ > Buu(t) for t>0, (1.156)

o<ty<t
ut)=0, tel[-h0], (1.157)

where the functiong,g € C([0,»), [0,)), the functionf € C([0,),[0,1]) Bx > 0, k=
1,2,...,andh > 0 are constants.

We will note that the solutions of (1.156), (1.157) are nonnegative.

We define the function€(u) = u?,Q(u) = \/u. ThenQ € Wx(@), wherep(u) = /U is
a nondecreasing function.

Consider the function

U ds u ds
U):-/O Q(1+G(S)):/o 1+52:In(u+ 1+12). (1.158)

Then the inverse function of the functidh(u) is defined by the equality

“H(u) =sh(u) = (e —eY). (1.159)

According to Corollary 5 we obtain the following bound for the functioft):

u) < (1 @+s0){2+[sh(

o<ty<t o<ty<t

(1+Bk)/0t(p(s)+g(s)ds)]2}.
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Case 4Impulsive integro-differential equations

Consider the initial value problem for the scalar nonlinear impulsive integro-differential
equation

u(t) = 2f(t)\/@/ot £(8)/u(s)ds t > 0.t £t (1.160)
u(tx+0) = Bru(ty), (1.161)
u(0) =c, (1.162)

where the functiorf € C([0,),[0,)),andc > 0,fx > 0,k=1,2,... are constants.
The solutions of the above given problem satisfy the inequality

u(t)§c+[/0tf(s)\/u(s)dsr+ S Buu(t), t>0. (1.163)

o<ty<t

We define the function§(u) = u?, Q(u) = y/u. Then the function#i (u) andH~*(u)
are defined by equalities (1.158) and (1.159).

We will note that the solutions of the initial value problem (1.160)—(1.162) are non-
negative. According to Corollary 5 we obtain the following bound for the solutions of
(1.160)—(1.162)

u(t)SA( M (1+A3K)){1+[sh</ot\/A M (1+ABK)F(s)ds)]2},

o<te<t o<ty<s

whereA = max1,c).

Case 5.Impulsive partial differential equations

Let {x }; and{y;}y be two increasing sequences of real numbers such that

limx =c and limyj = c.

|—o00 J*)EXJ

Let the scalar function(x,y) be from the sef2, and the numbera andb be fixed such
thatxy < a,yo < b.
Consider the nonlinear impulsive partial parabolic differential equation

Uy(X,Y) = F(XY,U), X#X, YZYj, (1.164)
u(x+0,yj+0) =lij(u(x,y;)), i=1,2,....p, j=1,2,....m (1.165)

with boundary conditions
u(Xo,Y) = 0(y), Ug(x,Yo) =W (x)forxg <x<ayo<y<b, (1.166)

where|F (x,y,u)| < f(x,y)|u|, the function¢(y) is nondecreasing, the functiofig (u)| <
Bij|ul , Bij are positive constantgp < a < Xpy1,Ym < b < Yme1.
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We will assume that the solution of (1.164), (1.165) , (1.166) exists on the rectangular
{(x,u): x<x<ay<y<b}.
Then for xp < x < a,yp <y < b the inequality

X X ry
uxy) < o)+ /XO W(s)ds+ /XO [ f(susasa
+ > Biulyy)

Xo<Xj <X
Yo<yj<y

holds.

From the above inequality and Theorem 1.4.1 we obtain the following bound for the
solution of the boundary value problem for the impulsive partial parabolic equation (1.164),
(1.165), (1.166)

U(X,y)§(¢(y)+/xjw(s)ds)( [ (@+By))efoklisnse

Xo <X <X
Yo<yj<y



Chapter 2

Lyapunov’s Method for Boundedness
and Periodicity of the Solutions of
Impulsive Equations

The following chapter discusses the boundedeness and the periodicity of the solutions of
various types of impulsive equations. The main method of approach is a modification of the
second method of Lyapunov and Razumikhin method. These methods are mainly applied
for studying the stability of the solutions of various types of differential equations without
impulses ( [33], [37], [84], [85], [86], [87], [96], [122], [123]). Chapter 2 introduces partic-
ular types of piecewise continuous analogue of Lyapunov functions due to the existence of
discontinuity of the solutions at the moments of impulses. Piecewise continuous functions
and modification of the second method of Lyapunov are applied for studying the stability
of the solutions of impulsive equations in [3], [18], [57], [58], [89], [100], [113], [114].

We note that similar results to the results obtained in this chapter are published in [67],
[73], [74], [75], [77].

2.1. Piecewise Continuous Lyapunov Functions

Lyapunov functions are a powerful apparatus for qualitative investigations of differential
equations. Since the solutions of the impulsive equations are discontinuous functions, the
classical continuous Lyapunov functions are not applicable to impulsive equations. There-
fore it is necessary to use piecewise continuous analogues of Lyapunov functions ([18],
[89]).

Consider the general case of impulsive equations with variable moments of impulses,
i.e. the impulses occur onthe seigsk=1,2,3,..., defined by the equality (30), where the
functionst(x) € C(R", R), Tk(X) < Tkt1(X) and lime_.e Tx(X) = o uniformly onx € R".

Definition 5. We will say that the functioV (t,x) : [0,c0) x R" — [0, ) is from the seW,
if

1. FunctionV (t,x) is continuous and differentiable on each of the &tsk =1,2,.. .,
t € [0,), where the set& are defined by (31).
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2. For any integek and(¢,d) € oy the finite limits

V((c+0,9)) = lim V(t,x),
(t,x) = ((¢,9))
(t,X) € Gk+1
V(G)=V(c-08)=  lim V)
(t,x) = ((¢,9))
(t,x) € Gk

exist, where the sets, are defined by (30).
Remark 5. We will note that if point(¢,9) € ok, thenV(¢+0,9) =V (¢,9).

With the help of piecewise continuous functions from the\&8gtwe will obtain suffi-
cient conditions for various types of boundedness of the solutions of impulsive equations.
The defined piecewise continuous functions of the Lyapunov functions are used for im-
pulsive differential equations, impulsive equations with “supremum”, and impulsive hybrid
equations in order to show their wide applicability. For any of these types of equations the
derivative of the functions from s&V along the trajectory of the solution is appropriately
defined.

For the purpose of further investigations we consider the following sets of functions:

Definition 6. We will say that functiora(t) is from se(CIP, if functiona € C([0,), [0,)),
a(0) =0 and functiora(t) is increasing.

Definition 7. We will say that functiona(t) is from setA, if a(t) is from setCIP and
lim,_ea(r) = co.

Definition 8. We will say that functiora(t) is from set/, if a € C([0,), [0,)) anda(s) >
s, s> 0.

2.2. Boundedness of the Solutions of Impulsive Differential

Equations

Consider the initial value problem for impulsive differential equation with variable mo-
ments of impulses

X =f(t,x), t#Tk(X), (2.1)
X(t40)—x(t) = lk(x(t)), (t,x)€ok, k=1,2..., (2.2)
X(to) = Xo, (2.3)

wherex € R", (to,X0) € [0,0) x R"is a fixed point.

The solution of the initial value problem of the system of impulsive differential equa-
tions (2.1), (2.2), (2.3) is denoted byt;to,Xo).

Let functionV (t,x) be from seW. Define derivative along the trajectory of a solution
of the impulsive differential equation (2.1), (2.2) by the following equality

D V21,22 (t,X) =limsup(1/e){V(t +& x(t +&;t,x)) =V (t,x) } (2.4)

e—0—
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for (t,x) € o, k=1,2,....

We will say that condition$1 are satisfied if:

H1. Functionsty: R" — [0,), (k= 1,2,...) are continuousty;1(X) > tk(x) for
x € R" and the inequality

inf{te(X) —T_1(x); k>2,xeR"} >0

holds.

H2. There exists lif.. Tk(X) = uniformly onx € R".

H3. The integral curve of the solution of the system of impulsive differential equations
(2.1), (2.2) meets any of the sedg at most once.

We will note that some sufficient conditions for absence of the phenomenon “beating”
are given in [41].

Consider the following sets

Ba = {xeR": ||Ix||<a},

OQn = {x: ||| =H},

(t,x) € [0,00) x By for (t,x) € U1 Gi,

S ={(t,x): (t,x+ k(X)) € [0,00) x By for (t,x) € ok}

We will give the definitions of the basic types of boundedness of the solutions of the
impulsive differential equations, that are analogues of those given in [123] for ordinary
differential equations.

Definition 9. The solutionx(t;tp, Xp) of the initial value problem for impulsive differential
equations (2.1), (2.2), (2.3) is callémunded if there exists a constafi(tp, Xp) > O such
that fort > to the inequalityj|x(t; to, Xo) || < B(to,Xo) holds.

Definition 10. The solutions of the initial value problem for impulsive differential equations
(2.1), (2.2), (2.3) are calledqui boundedif for any constanitr > 0 and for allty > 0, a
constanf = B(to, o) > 0 exists such that fofy € By andt > to the inequality| [x(t; to, Xo) || <

B holds.

Definition 11. The solutions of the initial value problem for impulsive differential equations
(2.2), (2.2), (2.3) are calledniformly boundedif for any constantt > 0 and for allty >

0, there exists a constafit= (a) > 0 such that forxg € By andt > tp the inequality
||X(t;to,X0)|| < B holds.

Definition 12. The solutions of the initial value problem for impulsive differential equations
(2.1), (2.2), (2.3) are calledtimately boundedif there exists a constaBt> 0 such that for
(to,X0) € & there exists a constafit= T (to,Xp) > 0 such that fot >ty + T the inequality
||X(t;to, X0)|| < B holds.

Definition 13. The solutions of the initial value problem for impulsive differential equations
(2.1), (2.2), (2.3) are calledqui-ultimately boundeavith a boundB, if for any constant

a > 0 and for allty > 0, there exists a constaht= T (tp, a) > 0 such that foxy € By and

t >to+ T the inequalityj|x(t; to, Xo)|| < B holds.
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Definition 14. The solutions of the initial value problem for impulsive differential equations
(2.1), (2.2), (2.3) are calledniform-ultimately boundedith a boundB, if for any constant

a > 0 there exists a constaiit= T(a) > 0 such that for all € By andt > to+ T the
inequality||x(t;to, Xo)|| < B holds.

We will obtain the relationship between different types of boundedness of the solutions
of impulsive differential equations.

Lemma 2.2.1. Let the following conditions be fulfilled:

1. Conditions(H) are satisfied.

2. Functions k € C(R",R"), k=1,2....

3. Function fe C(]0,») x R",R") is a Lipshitz in its second argument.

4. The solution ¥;to,Xp) of the initial value problem for the system of impulsive differ-
ential equationg2.1),(2.2),(2.3)is defined for t€ [to, T], where(to, %) € [0,0) x R"is a
fixed point, T= const> tp.

Then for any numben > 0 a positive constarft = B(to, o) exists such that ifto, %) €
S, then for te [to, T] the inequality]|X(t;to,Xo)|| < B holds.

Proof. From conditions H2 and H3 the integral curyge x(t;to,Xg)) for t € [to, T] inter-
sects the setgy, k=1,2,... finite number times. Let the points at which the integral
curve intersects seti are; < & < --- < &p, whereg, =1, (X(&;to0,%0)), k=1,2,...,p,

p < . From the continuity of the solutior(t;to,X) on [to,&1] it follows that there ex-
ists a constanB(to,a) > 0 such that|x(t;to, xo)|| < B for t € [to,&1]. From condition 2 of
Lemma 2.2.1 follows that there exists a constiipt= K1(p) > 0 such that for|x|| < B
the inequality|[1;,(x)|| < K1 holds. Then||x(§1+ 0)|| = |[x(§1) + 1j;(X(&))|| < B+ K4,
where x(t) = X(t;to,Xp). Therefore there exists a constant= v(tp,a) > 0 such that
||X(t;to,%o0) || = |[X(t; €14 0,X(& +0;to, X0) ) || <V fort € (§1,&2]. Similar to the above given
proof we can show that on each interval,&;1], i=1,2,... Lemma 2.2.1istrue. O

Lemma 2.2.2. Let the following conditions be fulfilled:

1. Conditionsl, 2 and3 of Lemma2.2.1 are satisfied.

2. The solutions of the initial value problem for the system of impulsive differential
equationg2.1), (2.2),(2.3) are equi-ultimately bounded with a bound B.

Then the following conclusions are true:

(i) the solutions of the initial value problem for the system of impulsive differential
equationg2.1), (2.2),(2.3) are equi bounded,

(i) for any two numberst > 0 and§ > O there exists a number ¥ T(§,a) > 0 such
that if (to,%0) € Sy and € [0,€], then the inequality|X(t; to,Xo)|| < B holds fort>to+T.

Proof. (i). Leta > 0 be a fixed number. Choose a poiit§, ) € S. According to
condition 2 of Lemma 2.2.2 there exists a numbet T (tp,a) > 0 such that fot >to+T
the inequality||x(t;to, Xo)|| < B holds. From Lemma 2.2.1 it follows that there exists a
number = B(to,a) > 0 such that|x(t; to, Xo)|| < B fort € [to,to+ T]. Introduce the notation
y(to,a) = max B, B). Then fort >ty the inequalityl|x(t; to, Xo)|| < y holds.

(if). Leta > 0 andg > 0 be fixed numbers artg € [0,&]. From condition 2 of Lemma
2.2.2 it follows that there exists a numb@& = Ty(,a) > 0 such that||x(t;to,X0)|| =
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||x(t; &, x(& to, X0))|| < B for t > & 4+ T1, where(to,Xo) € S. Introduce the notatio =
&+ T, T=T(& a)>0.Thenfort >to+T, (to,X) € S the inequality||x(t;to,%o)|| < B
holds. O

We will study the boundedness of the solutions of the impulsive differential equations
with the help of functions from the s&V.
In further considerations we will use the following result:

Lemma 2.2.3. Let conditiondH1 and H2 be fulfilled, and function V&, x) be from set W.
Then for any positive number and for all points ¢ € [0,) there exists a number
K = K(tg,a) > 0 such that \(to,x) < K for ||x|| < a.

Proof. Assume that the conclusion is not true, i.e. there exist a numbe and points
xi € R" such thatg # x fori # k, x € By and

V(tg,x)>i, i=1,2,... (2.5)

The sequencgx;}7 is bounded and therefore there exists a bounded subsequence
{% }7, such that lim_,. X, = B.

Casel. Let there exists a natural numbesuch that(ty, B) € Gy, i.e. Tk-1(B) <to <
T(B). From the continuity of functionsy(x) it follows that lim;_. Tk—1(Xi) = Tk-1(B)
and lim_. k(%) = w(B). Since(ty,B) € Gk we obtain that for enough large integer
the inclusion(tp, x;) € Gk holds. Then the equality lim... V (to, %) = V(to,3) holds, that
contradicts the inequality (2.5). The obtained contradiction proves Lemma 2.2.3.

Case2. Let there exists a natural numbesuch thatto, ) € ok, i.e. Tc(B) =to. From
the continuity of functiong(x) it follows that lim;_e Tk (X ) = Tk(B) =to, lIMj e Tk 1(Xi) =
Tk+1(B) > w(B) =to, and liM_oTk-1(X) = Tk—1(B) < to. Therefore there exist infinite
number of elements,, j =1,2,... of the sequencéx }7, such that one of the following
inclusions is true:

(i)x, €Ck, j=1,2,...

or

(i) %; € Gky1, J=1,2,...

Then we obtain

. V(tp—0,B) forx. €Gy, j=1,2,...
| Vt L — b j b . ) ) )
,-E'lo (t0,%;) { V(to+0,B) forx; € Gy, j=1,2,...

The above equality and inequality (2.5) contradict the condition that the livhits+
0,B) andV (to— 0,B) are finite. The obtained contradiction proves Lemma 2.2.3. [

Theorem 2.2.1.Let the following conditions be fulfilled:

1. Conditions (H) are satisfied.

2. Functions k e C(R",R"), k=1,2....

3. Function fe C(]|0,») x R",R") is Lipshitz in its second argument.

4. The solution of the initial value problem of the system of impulsive differential equa-
tions (2.1), (2.2), (2.3) is defined for t> to, where(tp,Xp) € [0,00) x R" is an arbitrary
point.

5. There exists a function(¥, x) from set W with the following properties
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(i) a(||x||) < V(t,x) for (t,x) € [0,00) x R", where ac A;

(il) D214 22V (t,X) < Ofor (t,x) Uk=1GCx;

(iii ) V(t+0,x+1k(x)) < V(t,x) for (t,x) e ok, k=1,2,....

Then the solutions of the initial value problem for the system of impulsive differential
equationg2.1), (2.2),(2.3) are equi bounded.

Proof. Leta > 0 be an arbitrary number arith, xo) € & .

Casel. Let(to,Xo) € Ug-1 Gk

According to Lemma 2.2.3 there exists a constart K(tg,a) > 0 such thaV (tg,x) <
K for ||x|| < a. We choose a numb@r> 0 such thag(p) > K.

Assume that there exists a numiper to such that|x(p;to,Xo)|| > B. Then inequalities

a(B) < a(|x(p;to,%0) ) <V (p, [|x(p;to, %) [|) < V(to,%0) <K

hold.
The obtained contradiction proves Theorem 2.2.1.
Case2. Let(tg,%p) € ok for a natural numbek. Then||xg+ Ik(%0)|| < a andV (to+
0,%0 + Ik(X0)) < K. As in the proof of the case 1 we obtain a contradiction.
Therefore||x(t;to, Xo)|| < B fort > to. O

Theorem 2.2.2.Let the following conditions be fulfilled:

1. Conditions(H) are satisfied.

2. Functions k € C(R",R"), k=1,2... and for xe By the inclusion x+ Ix(x) € By
holds, where H= const> 0.

3. Function fe C(][0,») x R",R") is Lipshitz in its second argument.

4. The solution of the initial value problem of the system of impulsive differential equa-
tions (2.1), (2.2), (2.3) is defined for t> to, where(tp,Xp) € [0,00) x R" is an arbitrary
point.

5. There exists a function (¥, x) from set W with properties

(i) a(]|x|]) <V (t,x) < b(||x||) for (t,x) € [0,0) x Qy, Where ac A, b € CIP;

(i) D(‘2_1)7(2_2)V(t,x) < Ofor (t,x) € Ug-1Gxk;

(i) V(t+0,x+ 1k (x)) <V(t,x) for (t,x) e ok, k=1,2,....

Then the solutions of the initial value problem for the system of impulsive differential
equationg2.1), (2.2),(2.3) are uniformly bounded.

Proof. Let (to,Xo) € S, Wherea > 0 is an arbitrary number. We will prove that foe> to
the inequalityl|x(t; to, Xo)|| < H holds.

Let pointxp be such thaH < ||xo|| < a. We choose a numb¢r= 3(a) > 0 such
thatb(a) < a(). Assume that there exists a numlger to such that||x(¢;to.xo)|| > B.
From condition 2 of Theorem 2.2.2 follows that there exist pomt& > to such thatH <
[Ix(Nitox0) || < a, [|x(& to,X0)|| = B, (& X(& to,X0) € Uk=1 Gk and [[x(t; to,Xo)|[ = H for
t € [n, &]. From condition 5 of Theorem 2.2.2 we obtain the inequality

a(B) < V(& x(& to,%0)) < V(n,x(n;to, %)) < b(ar),

that contradicts the choice of the po[ut O
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Theorem 2.2.3.Let the following conditions be fulfilled:

1. Conditions(H) are satisfied.

2. Functions k € C(R",R"), k=1,2... and for xe By the inclusion x+ Ix(x) € By
holds, where H= const> 0.

3. Function fe C([0,») x R",R") is Lipshitz in its second argument.

4. The solution of the initial value problem for the system of impulsive differential equa-
tions (2.1), (2.2), (2.3) is defined for t> to, where(tp,Xp) € [0,00) x R" is an arbitrary
point.

5. There exists a function (¥, x) from set W with properties

(i) a(||x|]) < V(t,x) < b(||x||) for (t,X) € [0,0) x Qn, Where ac A, be CIP ;

(it) Dy 22V (%) < —c(|[x]]) for (t,x) € Uk=1Gk N Qn, where the function () €
C([0,%0), (0,0));

(i ) V(t+0,x+ Ik (x)) < V(t,x) for (t,x) e oxNQy, k=1,2,....

Then the solutions of the initial value problem for system of impulsive differential equa-
tions(2.1),(2.2),(2.3) are uniform-ultimately bounded.

Proof. Let (to,X) € S, Wwherea > 0 is an arbitrary number. According to Theorem 2.2.2
the solutions of the initial value problem for system of impulsive differential equations
(2.1), (2.2), (2.3) are uniformly bounded, i.e. there exists a nufibef(a) > 0 such that
||X(t;to,X0)|| < B fort > tg. Therefore the inequalitp > a > H holds. From the uniform
boundedness of the solutions of (2.1), (2.2), (2.3) follows that there exists a coBstadt
such that for(tp,y) € Sy andt > tg the inequality||X(t;to,y)|| < B holds. Assume that
||X(t;to,%0)|| > H for t > to. From conditionsi() and {ii ) follows the existance of a number
y=y(a) > 0such thatfoH <||x|| <B andt > to the inequalityV/ (t,x) <V (to, o) —Y({t —to)
holds. The last inequality, condition)(and the assumptiofjx(t;to,xo)|| > H fort >ty
imply the validity of the inequalities

a(H) < V(t,x(t;to, X)) < V(to,X0) —y(t —to) < b(a) —y(t—to). (2.6)

We denotelT =T (a) = b(“);a(H) > 0. Consider inequality (2.6) far > tg+T. The
obtained contradiction proves that the assumption is false. Therefore there exists a number
¢ <tp+T such that|x(¢;to,%0)|| < H.

If (to+ T,X(to+ T;to,%0)) € Uk-1GCk, then there exists a numbere [to,to+ T) such
that fort > v the inequality]|x(t;to,X0)|| < B holds.

If (to+T,X(to+ T;to,X0)) € Ok for a natural numbek, then there exists small enough
numbere > 0 such that|x(to+ T1;t0,X0)|| < H whereT; = T(a) +¢. Then fort > to+ Ty
the inequality|X(t; to,Xo)|| < B holds. O

We will obtain sufficient and necessary conditions for equi-ultimate boundedness of the
solutions of the initial value problem for system of impulsive differential equations (2.1),
(2.2), (2.3) in the case when the moments of impulses are fixed, i.e. we consider the initial
value problem for the impulsive differential equations

X =f(t,x), t#t, 2.7)

X(te+0) —x(te) = l(X(t)), k=1,2..., (2.8)
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X(to) = Xo, (2.9)

wherex € R", the pointsty : tx < tkr1, K=0,1,..., liMg oty = oo, inf{tx 1 —tk: k=
1,2,...} > O are fixed.

Theorem 2.2.4.Let the following conditions be fulfilled:

1. Functions k € C(R",R"), k= 1,2... are Lipshitz and for xc By the inclusion
X+ lx € By is satisfied, where H-= const> 0.

2. Function fe C([0,») x R",R") is Lipshitz in its second argument.

3. The solution of the initial value problem for the system of impulsive differential equa-
tions (2.7), (2.8), (2.9) is defined for t> to, where(tp,Xp) € [0,00) x R" is an arbitrary
point.

Then the necessary and sufficient condition for equi ultimate boundedness of the solu-
tions of the initial value problem for the system of impulsive differential equati@r),
(2.8),(2.9)is the existence of a function(¥/ x) from the set W with the properties

(i) a(||x]|) <V(t,x)fort > 0,x € Qu, where ac A ;

(i) D(*2.7)7(2.8)V(t,x) < —cV(t,x)fort #t,, k=1,2,...,x€ Qu, where c= const> 0;

(i) V(tk +0,x+ k(X)) < V(t,x) forx e Qn, k=1,2,....

Proof. Sufficiency.Let (to,X0) € S, wherea > 0 is an arbitrary number. According to
Lemma 2.2.3 there exists a numlber= K(to,a) > 0 such thaW (tp,Xp) < K. We choose a
number

T=T(t,a) < %In (%)

From propertiesi() and {ii ) follows that fort > to the inequalities
V(t,X(t;to,%0)) < V(to,x0)e * ) < a(B) (2.10)

hold.
From property () and inequalities (2.10) follows the validity of inequality

a(|X(tito,%0) ) < V(t,X(t; to,X0)) < &(B). (2.11)

Inequality (2.11) implies thax(t;to,xo)|| < Bfort > to+T.

NecessitylLet the solutions of the initial value problem for system of impulsive differ-
ential equations (2.7), (2.8), (2.9) be equi ultimately bounded with a b&ind

We define the functioa(u) : R — [0, ) by the equality

a(u) = u—>B foru> B
o 0 forO<u<B -’

Let (t,x) € [0,) x R" be an arbitrary point. We will assume that (tj,t;1].
We define functions

Vj(t,X) :sucr)){a(||x(t+r];t,x)H)eC”: t+n e (tiyj,tivj4al}, 1=0,1,...
n>

and

V(t,Xx) = supVj(t,x).
j>0
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We will prove that functiorV (t, x) is from setw.

Let (t,x),(t’,X) € [0,00) x R" be arbitrary points such thaft’ € (ty,tx. 1], t <t’. There
exists a constart > 0 such thak,x' € By.

From the equi boundedness of the solutions follows that there exist two constaats
T(t,a) > 0andT’=T'(t',a) > 0 such that

[[x(&t,x)||< B for £ >t+T and ||x(&t',X)||<B for &>t +T.

Thereforea(||x(&;t,x)||) =0anda(||x(&;t’,X)||) =0 for& > t'+maxT,T’). Then the
following properties are satisfied:

(j) there exists a natural numbpisuch thaV (t,x) = max<j<k+pV;(t,x) andV (t’,x) =
maXc<j<kpVj(t',X);

(ij) there exist a natural numbgr. k < j <k+ psuch thav(t,x) =Vj(t,x).

From the definition of the functioW (t, x) follows that inequalityV (t',x’) > V;(t’,x)
holds.

Casel. LetVj(t,x) = a(||x(tj+1t,x)||)€l+Y. The inequalities

Vi(t'X) > a(|[x(tjait, x))et ) > a(||x(t 4t x) || g

hold.
Therefore the following inequalities are true:

V(t,x)—V (', X)

IN

{allxtyait, 0l - <Hx<1+1,t,%>||>} tat
< {IX st 0] = st x| et
1 L[|ty )] — 4t ) ]

[ [Ix(t5t, )] =[xt )]

[ IX(E )] X1
[t )1 = It )] -

From conditions 1 and 2 of Theorem 2.2.4 follows the existence of condtarnts> O
such that

A

IN

V(t,x)—V(t,X) gecV{L|tft’|+N||x—x’H}, (2.12)

wherey=inf{ty,1—tc: k=1,2,...}.
Case2. There exists a poirgtc (tj,tj,1) such that

Vit x) = a(|[x(&t,%)|)e"E Y

As in the case 1 we can prove the validity of the inequality (2.12).

Therefore for(t,x) € [0,00) x R",t #tx,k=1,2... functionV(t,x) is continuous in both
of its arguments and it is Lipshitz in its second argument.

We will prove that propertyi{ is satisfied for functio¥ (t, x).
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Indeed, left,x) € [0,) x Qg be an arbitrary point. We assume that (;,t+1]. Func-
tion V (t, x) satisfies the inequalities

V(t,x) > Vi(t,x) > a(|[x(t;t,x)[|) = a(][x[]).
Functiona(r) > 0 forr > B’ is continuous and

lim a(r) = oo.

F—o0

We will prove that propertyi{) is satisfied for functiof¥ (t, x).
Indeed, for(t,x) € [0,00) x Qg, t #1tx, k=1,2,... ande > 0, and for allk > 1 the
inequality
Vk(t+&,X(t +&;t,X))

= sup{a(|x(t-+e-+n;t+ex(t+E8,X)| )
n>0

t+e+n € (ot |

= sup{a(|x(t-+e+mt X)€" : t+e+n € (ttir) |
n>0

:e*CEsUP{a(HX(t-Fh;t,X)H)eCh: t+he (tk,w}
h>ge

< Vk(t,X)eic8

holds.
The above inequality implies that

V(t+ex(t+et,x) <V(t,x)e*

and therefore

Iimsup:—:{V(t+£,x(t+s;t,x))—V(t,x)} < —eV(t,x).

e—0—

Finally we will prove that propertyiii ) is satisfied for functioV (t, x).
Indeed, forx € Qg, j =1,2,... the inequality

V(tj,x) = sup Vi(t,x) > supVi(t,x) =V (tj +0,x+1(x))
k>j-1 k>j

holds. O

We will apply some of the obtained sufficient conditions to a system of impulsive dif-
ferential equations.

Example 2.2.1.Consider the system of impulsive differential equations with fixed moments
of impulses

X = a(t)y—b(t)x(+y?), (2.13)
y = —at)x+bt)yo¢+y?), t#t,k=1,2,..., (2.14)
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X(t+0) —X(tk) = aX(tk),  Y(tk+0) —y(tc) = dky(t), k=1,2..., (2.15)
with initial condition
X(to) = X0,  Y(to) = Yo, (2.16)
wherea(t),b(t) are continuous functions far> 0, b(t) <0,-1< ¢ <0,-1 < d <O0.
FunctionV (t,x,y) = X +y? satisfies the conditions of Theorem 2.2.2.
Indeed, the derivative of functiovi(t, x, y) along the trajectory of the solution of system
(2.13)—(2.15) satisfies the inequality

D+

(213,214,215 (LX,Y) < 2b(t) (X +y?) < 0.

At the moments of impulses from equalities (2.15) we obtain
V (tk+0,X+ G, Y+ k) = X3 (1+G)? + YA (1+ d)® < V(e X,Y).

According to the Theorem 2.2.2 the solutions of (2.13)—(2.15) are uniformly bounded.
If there exists a constagt> 0 such thab(t) < —y, then according to Theorem 2.2.3 the
solutions of (2.13)—(2.15) are uniform-ultimately bounded. d

2.3. Boundedness of the Solutions of Impulsive Equations with
“Supremum”

We will use the piecewise continuous functions of Lyapunov, defined in the first section of
this chapter, to study boundedness of the solutions of the impulsive differential equations
with “supremum”. We will define the derivative of the functions from the ¥étalong
the trajectory of the solution of the system of impulsive differential equations with “supre-
mum?”.

Consider the initial value problem for the nonlinear impulsive differential equations
with “supremum” and variable moments of impulses, i.e. the impulses occur on thm sets
defined by the equality (30):

X = f(t,x(t), sup x(s)) fort >to, t+#t(x(t)), (2.17)
seft—hy]

X(t+0) — x(t —0) = I(x(t)) fort=Te(x(t)), (2.18)

X(t+1to) = ¢(t) fort e [—h,0], (2.19)

wherexe R", f:[0,0) xR"xR"—R", ¢:[-h,0] = R", It :R"—=R" k=1,2.3,...,tp >
0, h=const> 0, Tx: R" — (0,).

The solution of the initial value problem for the nonlinear impulsive differential equa-
tions with “supremum” (2.17), (2.18), (2.19) is denoted »f;to,$), and the maximal
interval of existence of the solution is denoteddyo, ¢) C [to— h, ).

Lets introduce the following conditions (H):

H1. Functionf € C([0,0) x R"x R",R").

H2. Functionsly: R"— R", k=1,2,..., are such that the inequalitjx+ Ix(x)|| < H
holds if ||x|| <H andly(x) # 0, whereH = const> 0.
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H3. Functionsty € C(R", (0,0)),k=1,2,... are such that & 11(X) < T2(x) < T3(X) <
... for xe R"and lim_. Tk(X) = oo uniformly in x € R".

H4. Fortp > 0 and$ € PC([—h,0],R") the solution of the initial value problem (2.17),
(2.18), (2.19) exists on the intervgh — h, o).

H5. Fort > to the integral curve of each solution of the initial value problem (2.17),
(2.18), (2.19) intersects any hypersurfagek = 1,2, ... not more than once.

Definition 15. The solutions of the initial value problem for the nonlinear impulsive differ-
ential equation with “supremum” (2.17), (2.18), (2.19) are said tomi#rmly boundedif

for every constant > 0 and for anytg > O there exists a constait= 3(a) > 0 such that for
eachd € PC([—h,0],R") : sup{|¢t)| :t € [-h,0]} < a the inequality||x(t;to, )| < B
holds fort > tg.

Definition 16. The solutions of the initial value problem for the nonlinear impulsive dif-
ferential equation with “supremum?” (2.17), (2.18), (2.19) are said tatiorm-ultimately
bounded if there exists a constaf > 0 such that for everyr > 0 andty > 0 there ex-
its a constanf = T(a) > 0 such that for eaclp € PC([—h,0], R") : sup{||¢t)| :t e
[—h,0]} < a the inequality} |x(t; to,¢)|| < B holds fort > to+T.

We define the derivative of functiovi(t,x) from the setW along the trajectory of a
solution of impulsive differential equations with “supremum” (2.17), (2.18) by the equality

D 217,218V (1,9(0)) = limsup(1/e){V(t +& x(t+&t,¢)) —V(t,0(0))}  (2.20)

e—0—

for (t,$(0)) € ok, k=1,2,..., wheredp € PC([—h,0],R").

We will obtain sufficient conditions for uniform boundedness of the solutions of the
initial value problem (2.17), (2.18), (2.19).

Theorem 2.3.1.Let the following conditions be fulfilled:

1. Conditions(H) are satisfied.

2. There exists a function ¥ W such that

(i) a(|Ix|[) < V(t,x) < b||x]|) for (t,x) € [0,00) x R",

where ac A,b € CIP;

(ii) There exists a function g K such that for each functiop € PC(|—h,0], R")
such that|@(0)|| > H and p{(t,p(0))) > sup{V(t+sW(s)): se [-h,0]} for t >0,
t # w(W(0)), k=1,2,3..., the inequality

D217),218V (1:4(0)) <O

holds;
(iii ) The inequality Wty 4+ 0,x+ Ix(X)) < V(t,x) holds for & = t(x), ||x|| > H and
lk(x) # 0.

Then the solutions of the initial value problem for the impulsive differential equations
with “supremum”(2.17),(2.18),(2.19) are uniformly bounded.
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Proof. Let a > 0 be an arbitrary constanty > 0 be an arbitrary point and <
PC([—h,0],R") be such thasup{||¢(3||: s€ [-h,0]} < a.

We will assume that the integral curve x(t;to,$)) of the solution of the initial value
problem (2.17), (2.18), (2.19) intersects each hyperfagek = 1,2,3,... at the pointdy,
correspondingly, where, <ty <tz < .., i.e. (k X(t;to,$)) € 0j,. From condition H3
follows that limy_,e tx = 0.

Consider the following two cases:

Casel. Leta > H.

Introduce the notations(t) = x(t;to,$) andv(t) =V (t,x(t)). It follows from the prop-
erties of the functions(t) andb(t) that there exists a constafit= 3(a) > 0 such that
b(a) <a(B),B > a.

Lett € [to— h,tp]. Condition (), initial condition (2.19), and the choice of the function
¢ imply the inequalities

a(|[xt;to, 9)I)) = a(l¢p(t—to)]) <V(t,d(t—to))
< b([l$p(t—to)]]) < b(a) < a(P).
Therefore
HX(t;to,q))H <B for te [to—h,to]. (2.21)
We will prove that
v(t) <a(p) for t>to. (2.22)

Suppose the contrary, i.e. there exists a poinaty such thatv(t) > a(p). Introduce the
notation
t* =inf{t > to: v(t) >a(B)}.

We will prove that functiorx(t) is continuous at the poirit'. If t* # t for everyk =
1,2,..., then the continuity follows from the definition of the solution of the impulsive
equation.

If there exists a natural numbar: t* = ty, thenly(X(t*;to,$) = O.

Indeed, if we assume the contrary, ilg(x(t*;to,$) # O, then the following two cases
can be distinguished:

Casel.1. Let||x(tm)|| > H. Then it follows from condition fi ) that

V(tm+0) < v(tm) < a(p). (2.23)

Inequality (2.23) contradicts the choice of the pdiht
Casel.2. Let||x(tm)|| < H. From condition H2 of Theorem 2.3.1 we have

[X(tm) + Im(X(tm))[| < H. (2.24)
From condition {) we obtain that
V(tm) < b([[x(tm)[|) < b(H) < b(a) < a(B).

The choice of the poirtt' = t,, implies the inequality(tm+0) > a(B). From condition
(i) we conclude that

b([[X(tm) +Im(X(tm))[|) = V(tm+0) = a(B) > b(a). (2.25)
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Inequalities (2.25) imply
[[X(tm) + Im(X(tm)|| > & > H.

The last inequaity contradicts (2.24).

Thereforet™ #t, k=1,2,3,... and the functiorx(t) is continuous at point".

From the continuity of functiong(t) andv(t) follows that functionv(t) possesses the
following properties:

(P1) v(t") =a(B);

(P2) v(s) <a(P) for ty—h <s<t*

(P3) there exists a sequenégy} such thatyy, >t* and
lIMmwYm=1t* and v(ym) > a(p).

From the properties of function(t) we obtain
V(t*) > 0. (2.26)
Condition () and propertyP1) imply that
b([[x()[]) = v(t*) = a(B) > b(a). (2.27)

From the properties of functioh(t) and inequality (2.27) follows the validity of the
inequality
[IX(t*)]| >a >H. (2.28)

According to properties1) and P2) we get
V(t*, x(t*)) = v(t*) = sup{\(s): s [t* —h,t*]}.
We define functionp(t) € PC([—h,0],R") by the equality
Y(t) =x(t"+t;to,d) for te[—h,0].

From inequality (2.28) follows that|y(0)|| > H and p(V(t,p(0))) > sup/(t +
s,W(s)):se[-h0]}.
From condition {i) we conclude that

Dipan 21gY (2 W(0)) =D 1) V(' X(Ti0,0)) = V() <O, (2.29)

Inequality (2.29) contradicts inequality (2.26).

Therefore inequality (2.22) holds for> to. From inequality (2.22) and conditiom)(wve
obtain||x(t)|| < B fort > to.

Case2. Leta < H. We consider the following two cases:

Case2.1. Let||x(t;to,d)|| < H fort >to. The solutions of the initial value problem
(2.17), (2.18), (2.19) are uniformly bounded with a consfart H.

Case2.2. Let there exist a point> to such that|x(t;to,$)|| > H. Denoten =inf{t >
to : ||X(t;to,d)|| > H} and consider the solutior(t;n, ) for t > n, where(t) = x(t +
N;to, ¢) fort € [—h,0], sup{||Yt)||:t € [-h,0]} <H and||x(t;to,d)|| < H for t € [to,n).
From case 1 follows that fax = H and¢$ = @ there exists a constafit= 3(H) > 0 such
that||x(t;n, y)|| < B for t > n. Therefore, the solutions of the initial value problem (2.17),
(2.18), (2.19) are uniformly bounded by a constiiat= maxH,B(H)). O
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We will obtain sufficient conditions for uniform-ultimate boundedness of the solutions
of the initial value problem (2.17), (2.18), (2.19).

Theorem 2.3.2.Let the following conditions hold:

1. Conditions(H) are fulfilled.

2. There exists a function ¥ W such that the conditions (i) ar(di ) of Theoren®.3.1
are satisfied.

3. There exists a function ¢ K such that for each functiow € PC(|—h, 0], R") such
that |[p(0)|| > H and pWV(t,P(0))) > sup(V(t+s,p(s) :se [-h,0]} for t >0, t+#
T(W(0)), k=1,2,3..., the inequality

D(72,17)7(2.18)V (t7 ¢(0)) < _C(’ M)(O) ‘ D

holds, where & CIP.
Then the solutions of the initial value problem for impulsive differential equations with
“supremum” (2.17),(2.18),(2.19) are uniform-ultimately bounded.

Proof. From the properties of functioa(t) follows that a constar > 0 exists such that
a(B) =b(H).

Let a > O be an arbitrary numbety > 0 be an arbitrary point, and functiop
C([—h,0],R") be such thasup{||¢(3] : s€[-h,0]} < a.

Consider the following two cases:

Casel. Leta > H. Having in mind the proof of Theorem 2.3.1, it is easy to verify that
there exists a constafit= (a) > 0 such that

v(t) <a(B) for t>to. (2.30)

The following two cases can be distinguished:
Casel.l. Letp < B. Then inequality (2.30) and conditior) {mply that

a([[x(t;to, §)[|) <V(t,x(tto,9)) <a(B) <a(B), t>to. (2.31)
We conclude from inequality (2.31) and the conditions of functign that
|IX(t;to,d)|| < B for t>to. (2.32)

Inequality (2.32) proves that the solutions of the initial value problem for impulsive dif-
ferential equations with “supremum” (2.17), (2.18), (2.19) are uniform-ultimately bounded.
Casel.2. Letp > B. Thena(B) > a(B). Consider the intervah = [a(B),a(B)]. We
will introduce the notation

A=inf{p(s)—s:seA} >0. (2.33)

Let N be the smallest integer such that> (a(B) —a(B))/A Define points; =ty +
j(h+2A/dH)), j=0,1,...,N. We will prove the validity of the inequality

v(t) <a(B)+(N—j) fort>¢;, j=0,1,...,N. (2.34)
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Let j = 0. Theng¢g =tg. The choice olN as well as inequality (2.30) imply that
v(t) <a(B) <a(B)+NA=a(B)+(N—0)A for t > to. (2.35)

Therefore, inequality (2.34) is fulfilled foy = 0.

Suppose that inequality (2.34) holds for- &, j =0,1,...,1 (I <N). We will prove
that inequality (2.34) is also fulfilled for > &, 1.

First, we will prove that there exists a pointe [§| +h, &;+1] such that the inequality

v(n) <aB)+(N—-I-1)A (2.36)

holds.
Suppose the contrary, i.e. that tog [ + h, &j;1] the inequalities

a(B)+(N—I —1)A< v(t) < a(B) + (N—1)A (2.37)

hold.
From condition {), inequalities (2.37), and the choice Bfwe obtain that

b(]|x(t;to, d]|)) > v(t) >aB)+(N—I—-1)A>a(B) =b(H). (2.38)
From inequality (2.38) follows that
[|IX(t;to,d)|| >H for te[& +h,&1]. (2.39)

The properties of functiomp(t), the choice of numbeA, inequality (2.39), and the
inequalitiesa(B) < V(t) < a(p) imply that

p(v(t)) v(t)+A>aB)+ (N—1)A

>
> sup{\t+s):se[~h,0]} for te[§+h&. 1. (2.40)

From condition 3 of Theorem 2.3.2, inequalities (2.37) and (2.40), and the properties of
the functions of clas& follows that

V(1) < —c([|x(tito, §)[I) < —c(H) for t € [& +h,&4]. (2.41)

Choose a poin € [§; +h+B,& 1], whereB = (§.1—& —h)/2=A/c(H). We have
from (2.37), (2.38), the conditioni( and the inequalitf — § —h > 3 that

V(E) = \/(V) (Z_ E.I - h) +V(EI + h) (2 42)
< —¢(H)(T—& —h)+Vv(& +h) <a(B)+(N—1—1)A, -
wherey € (& +h, Q).

Inequality (2.42) contradicts (2.37).

Therefore there exists a pointe [§| + h, 1] such that inequality (2.36) is true.

We will prove that (2.36) is valid fot > n. Suppose the contrary and denote

t" =inf{t:t>n,v(t)>aB)+(N—-1—-1)A}.
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Having in mind the choice of points’ andt** and the continuity of/(t), we conclude
that functionv(t) possesses the following properties:

(P1) v(t*)=a(B)+(N—I —1)A;

(P2) v(s)<aB)+(N—I1—-1)A for n<s<t*;

(P3) there exists a sequen¢gm} such than, > t** and
liMm_enNm=t"*, andv(nm) >aB)+(N-I-1)A.

It follows from the above properties of the functieft) that
V(%) >0. (2.43)
Conditions (), the choice of point**, and the choice of the constghtmply that
b([[x(t™;to,§)[|) = v(t™) =a(B) +(N—I —1)A>a(B) = b(H). (2.44)
Inequality (2.44) and the monotonicity aft) imply that
X (™ to, )] > H. (2.45)

Then from properties (P1) and (P2) of functigft) and the properties gi(t) we obtain
that
p(v(t™)) > v(t™)=a(B)+(N—1—-1)A>v(s) forse [n,t*]. (2.46)

Inequalities (2.45), (2.46) and condition 3 lead to
V(I1x(t5t0,9)]) < —c(| (™10, 9)|[) <O. (2.47)

Inequality (2.47) contradicts (2.43).

The obtained contradiction proves that inequality (2.36) is valid forn and therefore
fort > & .1.

Thus, the validity of inequality (2.34) has been proved.

SetT =ty —To=N(h+2A/c(H)) > 0. Note thafl depends only on.

We have from the condition)and inequality (2.34) folj = N that

a(|[x(t:to, §)|]) < V(t) < a(B) for t> &y =to+T. (2.48)

Therefore,||x(t;to,¢)|| < Bfort >to+ T which proves that the solutions of the initial
value problem for impulsive differential equations with “supremum” (2.17), (2.18), (2.19)
are uniform-ultimately bounded.

Case2. Leta < H. The proof of this case is analogous to the proof of case 2 of Theorem
2.3.1. O

As a consequence of Theorem 2.3.2 we obtain the following result:

Theorem 2.3.3.Let the following conditions hold:
1. Conditions(H) are fulfilled.
2. There exists a function ¥ W that satisfies condition$) and (iii ) of Theoren®.3.1.
3. There exists a function @ K such that for each functiow € PC([—h,0], R") such
that |[p(0)|| > H and pWV(t,P(0))) > sup(V(t+s,p(s):se [-h,0]} for t >0, t+#



72 Snezhana G. Hristova

Tw(P(0)), k=1,2,3..., the inequality [?2.17)7(2.18)V(t,tp(t)) <M —d(]|g(0)]]) is valid,
where de K, Q= const>0, M = const> 0, limg_,. d(S) = co.

Then the solutions of the initial value problem for impulsive differential equations with
“supremum” (2.17),(2.18),(2.19) are uniform-ultimately bounded.

Proof. From the properties of functiod(s) follows that there exists a constabit=C(M) >
0 such that(s) —M > 0 fors> C.
Define functionc: [0,00) — [0,) by

dE Ms foro<s<C”

d(s)—M  fors>C
c(s) :{ )

Functionc(s) € K. Then the conditions of Theorem 2.3.2 are fulfilled with a con-
stantH = maxC, Q) and therefore the solutions of the initial value problem for impul-
sive differential equations with “supremum” (2.17), (2.18), (2.19) are uniform-ultimately
bounded. O

Remark 6. We will note thatin the cask(x) =0fork=1,2,3,... the initial value problem
(2.17), (2.18), (2.19) reduces to the initial value problem for differential equations with
"maxima”
X (t) = f(t,x(t), max x(s)) for t >0,
seft—hy]
X(t+1to) = ¢(t) for t € [—h,0]

and Theorem 2.3.1, Theorem 2.3.2, and Theorem 2.3.3 give sufficient conditions for bound-
edness of the solutions of differential equations with "maxima”.

Example 2.3.1.Consider the initial value problem for the following scalar impulsive dif-
ferential equation with "supremum”

X)X (t) = —F(1)x%(t) +g(t)x(t) sup x(s)+h(t) for t >tg, t #ty, (2.49)
se[t—hyt]

X(tk+0) = (1+ca)x(tk), k=1,2,..., (2.50)

X(t+to) = ¢(t) for t e [—h,0], (2.51)

wherexe R, 0<ty <ty <...,ck=const k=1,23,....

Let the following conditions hold:

Al. Functionf € C([0,), (0,)).

A2. Functiong € C([0,»),R) and there exist constants> 0 andq > 1 such that
f(t)—L >qlg(t)| fort > 0.

A3. Functionh € C([0,2),R) and there exists a constavit > 0 such thath(t)| <M
fort > 0.

A4. The limit limg_ etk = oo.

A5. The inequality-2 < ¢ <0, k=1,2,3,... holds.

A6. Function¢ € C([—h,0],R).

Consider functionV/ (t,x) = x2/2 which is from sew.
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Define functionsa(s) = /4, b(s) = &, p(s) = ¢?, andd(s) = L. Itis easy to verify
that condition () of Theorem 2.3.1 is satisfied.

Lett > 0 be an arbitrary point and functiap € C([—h,0],R) be such that|y(0)|
sup{|Y(g|:se [—h,0]} and|P(0)|> H. Then forse [—h, 0] the inequalityp(V (t, P(0))
6PV (t,W(0)) = A?(0) /2> Y2(s) /2= V(s,(s)) holds.

We obtain for the derivative along the trajectory of the solution of (2.49), (2.50) the
following inequalities

>

D 249 250\ (t:W(0) = —F()W2(0) +-9(1)W(0) SURc_p g W(S) +h(t)
< —F(OW(0) +[g(V) |- W(O)|-| SUR_ng W(S)|HIND 5 59
< —f(t)Y?(0) +alg(t)|w?(0) +|h(t)]
< M—Ly?(0) =M —d(Jp(0)]).

Inequality (2.52) shows the validity of condition 3 of Theorem 2.3.3. From condition
A5 follows the validity of the inequality

X2(1+c)?  x?

V(t+0,x+ckX) = > <5 X # 0.

Let |x| <H. Then the following inequalities are fulfilled
IX+ckX| = [X|.|14+ck| < H.|1+c <H.

Therefore, condition H2 is fulfilled.

We conclude from Theorem 2.3.3 that if conditions (A) are fulfilled then the solutions
of initial value problem (2.49), (2.50), (2.51) are uniform-ultimately bounded.

It follows from inequality (2.52) that ifH > (M /L)¥? then all conditions of Theorem
2.3.1 are satisfied and therefore the solutions of initial value problem (2.49), (2.50), (2.51)
are uniformly bounded.

2.4. Boundedness of the Solutions of Impulsive Hybrid
Equations

Let pointsty, (k=0,1,2,...,) be fixed such thak < ty, 1 and lim_... ty = . We will asume
thattp > 0.

Consider the initial value problem for the system of nonlinear impulsive hybrid equa-
tions with fixed moments of impulses

X = f(t,x(t),A(X(tk))) for te (ttkr1), k=0,1,2,..., (2.53)
X(tk+0) = x(t) + l(X(t)), k=1,2,..., (2.54)
X(to) = %o, (2.55)

wherexe R", f :[0,00) xR"xR™ —=R", I, :R"—R", (k=1,2,3,...),A\c:R" = R"™, (k=
0,1,2,3,...).
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We denote b(t;to,Xp) the solution of the initial value problem for the system of im-
pulsive hybrid equations (2.53), (2.54), (2.55), andJgt, Xo) the maximal interval of the
type [to, B), on which the solutiox(t;to, Xo) is defined.

We will note that the solution of the initial value problem (2.53), (2.54), (2.55) depends
not only on the initial point(tp, Xo), but onAg(Xo). Indeed, lettp : to < Tp < t;. If problem
(2.53), (2.54), (2.55) has unique solution, then it is naturally to assumexttidg, Xo) =
X(t; To,Ko) for t > 1o, whereko = x(To;to, X0). The solutiorx(t; to,Ko) depends not only on
the initial point (to,Ko), but onAg(Xp). We denote the solution of (2.53), (2.54), (2.55) by
X(t;to, X0, Ao(X0))-

We will say that conditions (H) are satisfied if:

H1. Functionf € C([0,0) x R" x R™ R") andA¢ € C(R",R™), (k=0,1,2,...).

H2. Functionsly : R" — R", k=1,2,... are such that fof|x|| <H the inequality
IX+1k(x)]| < H holds andk(x) # 0, whereH = const> 0.

Definition 17. The solutions of the initial value problem for the system of nonlinear im-
pulsive hybrid equations (2.53), (2.54), (2.55) are calladiformly bounded if for any
numbera > 0 and for any pointy > 0 there exists a numb@ = [3(a) > 0 such that for

Xo € R": ||%o|| < a and fort > tg the inequality]|x(t; to, X0, A(X0) )|| < B holds.

Definition 18. The solutions of the initial value problem for the system of nonlinear impul-
sive hybrid equations (2.53), (2.54), (2.55) are call@iform ultimately boundedf there
exists a constarB > 0 such that for any number > 0 and for any pointy > 0 there ex-
ists a constant = T(a) > 0 such that for all pointgy € R" : ||xo|| < a the inequality
|IX(t; o, X0, A(X0))|| < B holds fort > tg+T.

Let functionV (t,x) be from the setV. We define a derivative of functioNgt, x,Ax(y))
along the trajectory of a solution of the system of nonlinear impulsive hybrid equations
(2.53), (2.54) by the equality

D 253) 254V (LXAK(Y))
= limsup(1/e){V(t+&,x(t +&t,X,Ak(y))) =V (t,X) }, (2.56)

e—0—

fort € (tk,tx+1),(k=0,1,2,...),x,y e R".

We will obtain sufficient conditions for uniform boundedness of the solutions of the
initial value problem (2.53), (2.54), (2.55).

Theorem 2.4.1.Let the following conditions be fulfilled:
1. Conditions(H) are satisfied.
2. There exists a function ¥ W such that

a(|Ix][) < V(t,x) < b(|[x[|) fort=>0, [[x||>H,

where ac A,b € CIP.
3. There exists a function ¢ K; such that for all functions x PC([0,0),R") such that
[IX(t)|| > H and pV/(t,x(t)) >V (tk, X(tk)) for t € (t, tk+1) the inequality

D53 250V (LX(). AX (1)) < GOF(V(LX(L)), € (i tira)
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holds, where the functions,6 : [0, ) — [0,) are integrable and H> 0 is a constant.
4. p(V(ti, X+ 1k(x))) < V(t,x) fork=1,2,3,..., [|X|| > H and k(x) # 0.
5. There exists a constant’A0 such that

t
G(s)ds< A and / —>Afor p>0and k=1,2,3..

tk—1

Then the solutions of the initial value problem for the system of nonlinear impulsive
hybrid equationg2.53),(2.54),(2.55) are uniformly bounded.

Proof. Leta > 0 be an arbitrary numbetg > 0 be an arbitrary pointankh € R":  ||xo|| <
a. We assume thag < t;. Denotev(t) =V (t,X(t;to, X0, Ao(X0)))-
Choose the constat= 3(a) > 0 such that
p(b(a)) <a(B). (2.57)

Thenb(a) < a(p).
Consider the following two cases:
Casel. Leta > H andH < ||%o|| < a. We will prove that

v(t) < p(b(a)) for t > to. (2.58)

If inequality (2.58) is not true fot € (to,t;], then from the continuity of function(t)
and inequalityv(tg) = V (to,X0) < b(||x0]|) < b(a) < p(b(a)) it follows that there exists a
point& € (to,t1) such that

V(&) = p(b(a)),

v(t) < p(b(a)) for te[to,é), (2.59)

V(E) >

From inequalityv(tg) = V (to,X0) < b(||%o||) < b(a) follows that there exists a point
n € (to, &) such that

(

(
v(n) = b(a),

v(t) >b(a) for te(n,§, (2.60)

V(n) >0.
Therefore, for alt € [n, &] from the inequality (2.60) we obtain

P(V (t, X(t;to, X0, Ao(X0))) = P(U(t)) = p(b(a)) > V(to,Xo)
and
b(|x(t;to, X0, Ao(X0))[|) =V (t, X(t;to, X0, Ao(X0))) = V(t) = b(ar),

i.e. ||x(t;to, X0, Ao(X0))|| > a > H.
According to condition 3 of Theorem 2.4.1 follows the validity of the inequality

D(z 53),(2. 54)V (t, X(t;t07 Xo, )\O(XO))p)\O(XO))

G(t)F(V(t,x(t;to, X0, Mo(%0)))
G(t)F(v(t)) for ten,g.
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From the continuity of the functiom(t;to, X0, Ao(X0)) on the intervaln, & C (to,ts) it
follows that
\/<t) = D(2A53)7(2A54)V(t7X(t;t07X07)\0(X0))7)\0(X0))7

i.e. the inequality
V(t) < G()F(v(t)) (2.61)

holds.
We integrate inequality (2.61) on interva, &), we use condition 5 of Theorem 2.4.1
and we obtain

Evy MO du £ 4
/n F(v(t))dt_/\,(n) F(u) S/n G(gds< | G(gds<A. (2.62)

From the choice of the pointsandn and the condition 5 we obtain the inequality

V&) du /p(b(a» du
- — S A 2.63
/V(n) F(u  Jo@  F(u) — (2.63)

Inequality (2.63) contradicts inequality (2.62). Therefore inequality (2.58) holds for
t € (to,ta].
From condition 4 and inequality (2.58) for= t; follows that

P(V (t2+0,X(t1 + O;to, X0, Ao(%0))) <V (t1, X(t1;to, X0, Ao(%0))) < p(b(01)),

V (t1 + 0,X(t1 + 0;to, X0, Ao(X0))) < b(ar). (2.64)

We will prove that inequality (2.58) holds fdre (ti,tp].
Assume the contrary. Then there exists a p&int (t1,t2) such that

V (&1,X(&1;t0,X%0,A0(X%0))) > p(b(a)) > b(a) > V(t1 +0,X(t1 + O;to, X0, Ao(X0)).  (2.65)

Inequality (2.65) implies that there exists a pointe (t1,&1) such that
v(n1) = p(b(a)),

v(t) < p(b(a)) for te (t1,n1).
From the choice of poing; and the properties of functiop(s) follows that there exists
a pointn € (t1,n1) such that
v(n2) = b(a),
v(t) >b(a) for te(nz,ni.

Therefore fott € [n2,n1) we obtain
p(v(t)) > p(b(a)) > v(t1)

and
P([[x(E;to, X0, Ao(X0))[|) = V(t) = b(ar),
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i.e. |[x(t;to,Xo0,A0(X0))|| > a > H.
According to condition 3 we conclude that foE [n2,n1) the inequality
D(72.53)7(2.54)V(t,X(t;tl,Xl,)\l(Xl)),)\l(Xl))
< G(t)F(V(t,X(t;tl, Xl,)\l(xl))))

holds, wherex; = X(t1; to, X0, Ao(X0))-
As in the proof of inequalities (2.62) and (2.63) we obtain a contradiction.
Therefore inequality (2.58) holds fore (t3,t5].
Then

p(V(t2+0,X(t2+0;to, X0, Ao(X0))) < V(t2,X(t2;t0, X0, Ao(X0)))
< p(b(a)),

V (t2+0,X(t2 4 0;to, X0, Ao(X0))) < b(a).

Using induction, we can prove the validity of the following inequalities
v(t) < p(b(a)) for te (t bk, (2.66)

V(tc+0) < b(a). (2.67)

From inequalities (2.66), (2.67), arqs) > s follows the validity of inequality (2.58)
fort > tg.
The condition () and the inequalities (2.56), (2.58) imply that for tg the inequalities

a([|x(t; to, X0, Ao(X0)) ) < V(t) < p(b(ar)) < a(B)

hold.
Therefore

[|X(t; to, X0, Ao(X0)) || < B for t>to.

Case2. Leta < H. Consider the following two cases:

Case2.1. Let||x(t;to, Xo0,Ao(Xo))|| < H fort > to. Then the solutions of the initial value
problem for the system of nonlinear impulsive hybrid equations (2.53), (2.54), (2.55) are
uniformly bounded with a constafi= H.

Case2.2. Let there exist a poirt> tg such that|x(t;to,Xo,Ao(Xo0))|| > H holds. We
denoten = inf{t > to: ||X(t;to, X0, A0(X0))|| > H}. Letn € (tj,tj11]. Consider the solution
X(t;, Y, Aj(y)) for t > n, wherey = x(n;to, Xo, Ao(%0)), Y] < H and||x(t;to, Xo, Ao(%0)) || <
H for t € [to,n). From case 1 follows that fan = H there exists a constafit= (H) >
0 such that|x(t;n,y,Aj(y))|| < B for t > n. Therefore the solutions of the initial value
problem for the system of nonlinear impulsive hybrid equations (2.53), (2.54), (2.55) are
uniformly bounded by the constaht; = maxH,B(H)). O

We will obtain sufficient conditions for uniform-ultimate boundedness of the solutions
of the initial value problem for the system of impulsive hybrid equations (2.53), (2.54),
(2.55).
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Theorem 2.4.2.Let the following conditions be fulfilled:
1. Conditions(H) are satisfied.
2. There exists a function ¥ W such that

a([[x]) < V(t,x) < b([|x[[) for [|x|[>H,

where ac A, be CIP.

3. There exists a function ¢ K; such that for all functions ¥ PC([0,),R"), such that
[IX(t)|| >H and pV(t,x(t)) >V (tk, X(tk)) for t € (t, tk+1) the inequality

D53, 250V (LX) AKX (1)) < GOF(V(E,X(1))), tE (tthra)

holds, where G [0,0) — [0,) is an integrable function, Fe C([0,),[0,)) is a nonde-
creasing function and FO) =0,F(s) > Ofor s > 0.

4. Inequality p(V (tk, X+ 1k(x))) <V (i, x) holds fork=1,2,3,..., ||x|| > H and k(x) #
0.

5. Constantg; > p» > 0 and A> 0 exist such that for > 0, p1 >ty —tk_1 > p2 and

k=1,2,3... the inequality
p(H) 4
/ E—/k G(s)ds> A
2} F(S) tk-1
holds.

The solutions of the initial value problem for the system of impulsive hybrid equations
(2.53),(2.54), (2.55)are uniform-ultimately bounded.

Proof. From the properties of the functiorssb, p it follows that there exists a number
B =B(H) > 0 such that
p(b(H)) < a(B). (2.68)

Leta > 0 be an arbitrary numbety > 0 be an arbitrary pointangh € R" :  ||xo|| < a.
We will assume thaty < t;.
We denotev(t) = V (t, x(t;to, X0, Ao(X0))), and letN be the least natural number such
that
p(b(a)) < p(a(B)) +NAF(p~Y(a(B))),

wherep~1(s) is the inverse function of the functiop(s).
From the properties of functiop(s) and condition 4 of Theorem 2.4.2 we obtain the
inequalities
V(tk+0) < p((tk+0)) < v(ty), k=1,2,3,....

We introduce the notation
Ly =sup{v(t) : t € (tx,tk+1]}, k=0,1,....

We consider the following two cases:
Casel. Let for any natural numbéarthere exist a poinfi € (tk,tk+1) such thaw (&) =
L.
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We will prove that there exists an integerl < i < N such that
p(v(&i)) < a(B). (2.69)

If inequality (2.69) is not true, then for all integers1 <i < N the inequality

p(v(&i)) > a(B) (2.70)
holds.
With the help of mathematical induction we will prove that
V(&) < p(b(a)) —IAF (p~*(a(B))). (2.71)

We assume that inequality (2.71) holds for an inteiget < i < N. We will prove that
this inequality is true for + 1.
Initially we will prove that

V(Ei-‘rl) < V(Ei)a i=0,1,2,... (2.72)

wherev(&p) = p(b(a)). Indeed, from the choice of the poir§isand condition 4 of Theorem
2.4.2 it follows that
v(t) <V(&), te (titip]
and
V(ti+0) < p(U(ti+0)) < v(ti) <v(&i—1).

According to inequality (2.72) and the properties of the functiis) the following two
cases are possible:

Casel.l. Leta(B) < p(v(&i+1)) < V(&). From condition 5 of Theorem 2.4.2, inequality
(2.72), and the properties of functiéi(u) follows that

pP(vEi+1) ds P(v(&it1)) ds
A< / —= < / P vy
V(&iv1) F(s) V(&iv1) F(p~*(a(B)))

< P(V(&iv1)) —V(&iv1)
~  F(pa(B)))
From inequality (2.73) and the inductive assumption we obtain

V(&it1) p(v(&is1)) —AF(p *(a(B)))
V(&) —AF(p~Y(a(B)))
< p(b(a)) - (i+1)AF(p~*(a(B))). (2.74)

From inequality (2.74) follows that inequality (2.71) holds foe 1,2, .. ..

Casel.2. Letv(&;) < p((&i+1)) < p(W(&i)).
From condition 4 of Theorem 2.4.2 we obtain

(2.73)

<
<

P(V(ti11+0)) < V(ti11) < V(E).
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Therefore there exists a pomt (tj,1,&i+1) such that

and
p(V(t)) > V(&) > V(ti+1) for te (T,&a).
From condition 3 of Theorem 2.4.2 we obtain that(@rné;;1) C (ti+1,t+2) the inequal-
ity
D253 259V (LXE i1, X1, Aira(Xir1)), A (X 1))
< GOF V(X tire, Xir1, Aira(Xi41))))

holds, where 1 = X(ti+1;to, X0, Ao(X0) ) -
Therefore the inequality

v(@&+1) ds &1 tis1
/ — < / G(s)ds< G(s)ds
' T

w F(s) ~ t
P(V(1)) ds V&) ds
- /v<r> @_A:/vm Fo " (@.75)
holds.
Then @ g
V(&i S
‘/V(EiJrl)@zA’
that implies
V(&) < V(&) —AF(p Y(a(B)))
< p(b(a))—(i+1)AF(p~*(a(B))). (2.76)

Case2. There exists a natural numbesuch that(ty) = Lx. The proof of case 2 is
analogous to the proof of case 1.

Therefore we proved the validity of inequality (2.71).

We seti = N in inequality (2.71). Then from the choice of numbérfollows that

V(&) < p(b(a)) —NAF(p~(a(B))) < p(a(B)). (2.77)

Inequality (2.77) contradicts (2.70). Therefore there exists an integkeK k < N such
that inequality (2.69) holds far= k. We obtain the inequality

v(t) < V(&) < p((&)) <a(B), te (tta]

and
P(V(ts1)) < Vltir1) < V(&) < a(B).

By induction we prove that

v(t) <a(B), t>ty,
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and
p(v(t)) <a(B), i=k+1,k+2....

Therefore
v(t) <a(B) fort >ty (2.78)

From condition 2 and inequality (2.78) follows that
IIX(t)|| <B for t>ty. (2.79)

We choosel' = Np1. The numbefl depends not only on, but ontg. Thentg+T =
(to+pP1) +(N=L)pr >t +(N—=1)pr =t1 +p1+(N—=2)p1 >t + (N —2)p; >t > k.
Therefore inequality (2.79) holds for>tg+T. O

We will apply some of the obtained sufficient conditions to investigate the boundedness
of the solution of a linear impulsive hybrid differential equation.

Example 2.4.1.Consider the linear impulsive hybrid equation
X (t) = ax(t) + bAc(x(k)) for te(kk+1),k=0,1,2,..., (2.80)

X(k+0) =cx(k—0), (2.81)

with initial condition
x(0) =Xo, (2.82)

wherex € R, a, b, c are constants.

Let the following conditions be fulfilled:

Al. Functions\y € C(R, R) and there exists a constafit> 0 such thah(u) < Ku, k=
0,1,2,....

A2. Constants,b,c are such thab > 0,a+bK >0, -1 < c< 1and 2Inc|+ (a+
bK) < 0.

Define the functionp(u) = 5z, F(t) =t, G(t) =a+bK,V(t,x)= X—22 andlg(x) =
(c—1)x.

FunctionV (t, x) satisfies the condition 2 of Theorem 2.4.2.

Let functionx(t) € PC([0,),R) be such thatx(t)| > H and|x(t)| > |x(k)| for t €
(k,k-+1). Then the inequalitp(V (t,x(t)) > V(k,x(k)) holds fort € (k,k+1). We consider
the derivative along the trajectory of the solution of the impulsive hybrid equation (2.80),
(2.81). Then we obtain fare (k,k+1)

D260, 26V (t: X (1), A(X(K)))
= lim supzi{ (x(t +s;t,x(t),)\k(x(k)))>2 —(x(t)%}
t

ge—0— <€
= {ax(t; 1, x(t), A(x(K)) +bAi(X (k) 1 x(E 1, X (1), A(x(K))
(x(®)

< a(x(t))?+bKx(Kx(t) < (a+bK)
= G()F(V(t,x(1))).

Therefore condition 3 of Theorem 2.4.2 is fulfilled.
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From the choice of functioW (t,x) and functionp(t) follows that

(X (e @
PV (k X+ Ik(x))) = =55 = 55 =5 =V(kx)
Therefore condition 4 of Theorem 2.4.2 is fulfilled.
From the choice of functioF (t) and functionG(t) we obtain

k
; G(s)ds= 2(a+bK)
Jk-1

P ds 5 ds
/ —:/ — = —2In|c|.
w F(s Ju s

Therefore, condition 5 of Theorem 2.4.2 is satisfiedAet —2In|c|—(a+ bK) >0.
According to Theorem 2.4.2 the solutions of the linear impulsive hybrid equation (2.80),
(2.81) are uniform-ultimately bounded. O

and

2.5. Lyapunov Functions and Periodic Solutions of Impulsive
Differential Equations

Lyapunov functions are extremely useful for qualitative investigations of different proper-
ties of the solutions of various types of differential equations. One of the unusual applica-
tions of the Lyapunov functions is the study of the existence and the behaviour of periodic
solutions. The second method of Lyapunov with continuous functions is successfully ap-
plied in [56] for investigation the periodic solutions of differential-difference equations.
Piecewise continuous analogues of classical Lyapunov functions give us the opportunity
for a new approach in the qualitative study of the solutions of impulsive equations.

Let points{tc}__,, be fixed such that

tkr1 > t, klim ty = —oo, klim ty =400, txp=1t+T,

— 400

wherep is a fixed number and@ > 0 is a constant.
Consider the system of impulsive differential equations

X = f(t,x(t), t#t, (2.83)

X(t+0) — X(t — 0) = I(X(t—0)), (2.84)
wherexe R", f :RxR" = R" Ix:R"— R", (k=0,4+1,4+2,...).
Consider the scalar impulsive differential equation

u=gt,u), t#t, (2.85)

U(tc+0) = Gi(u(ty—0)), (2.86)

whereu € R, and the functiong: R xR — RandGy: R — R, (k=0,4+1,+2,...) will be
defined later.
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We will say that conditions (H) are satisfied if:

H1. Functionf(t,x) € C(R x R",R") is a T-periodic in its first argument and it is
Lipshitz in its second argument with a constamt> 0.

H2. Functionsly € C(R",R"), (k=0,£1,£2,...) are Lipshitz with constantky, > 0
andli;p(x) = Ix(x) for x e R".

We will obtain sufficient conditions for the existence of T-periodic solutions of the
system of impulsive differential equations (2.83), (2.84).

Theorem 2.5.1.Let the following conditions be fulfilled:

1. Conditions(H) are satisfied.

2. Function dt,u) € C(R x R,R) is Lipshitz in u, i.e. there exists a constant M such
that|g(t,x) —g(t,y)| < M|x—y| forx,y € R.

3. Functions G € C(R,[0,»)) are Lipshitz, i.e. there exist constantg fuch that
|Gk(X) — Gk(y)| < Ly|x—y| forx,y e Rand k=0,+1,£2,....

4. There exists a numbep such that the scalar impulsive differential equatigh85),
(2.86)has a solution t) for t € [10,To+ T], such that ¢to) > u(to+T) and ut) > H for
t € [to,To+T].

5. There exists a function(¥, x) from set W with the following properties

(i) a(||x||) < V(t,x) for (t,x) € R x R", where ac A,

(i) for (t,x) € [To, To+ T] x R", t # tx and V(t,x) > H the inequality

D283 289V (1,X) <9(t,V(t,X))

holds, where H= const> sup{V (t,0) : t € [To,To+T]};

(i) V(tk + 0,X+ k(X)) < Gk(V(t, X)) for x € R", tx € [t0,To+ T] and V(tx+ 0,x+
(X)) > H;

(iv) function V(t, x) is periodicin t with a period T .

6. Set> = {xe R": V(10,X) < u(tp)} is convex.

Then the system of impulsive differential equatioB83), (2.84) has a T -periodic
solution.

Proof. Consider the following two possible cases:

Casel. Let for all natural numbek inequality 1o # tx hold. We will assume that
to < Tp <ty. Thenthe inequalityp < 1o+ T <tp;1 holds, i.etx € [To, To+T],k=1,2,...,p.

We choose a poing € = and denote the solution of the system of impulsive differential
equations (2.83), (2.84) with initial conditiox(tp) = Xp by X(t;To,Xo), and the maximal
existence interval by(To,Xo) C [To, ).

Denotev(t) = V(t;X(t; To,X0)) fort € I(To, Xo).

We will prove that the inequality

v(t) <u(t) for t € I(1o,%) N [T, To+T] (2.87)

holds.
Assume the contrary and let

n =inf{t € 3(to,X) N [To, To+ T]: V(t) > u(t)}. (2.88)
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Consider the following three cases:

Casel.l. Letn #tx, k=1,2,...,p. From the properties of functiowi(t,x) follows
that functionv(t) has the following three properties:

P1.\n) = u(n);

P2. \(t) <u(t) fort € [t0,N);

P3.there exits a convergent sequence of po{mig}7 : Nm >N, liMn_0Nm =N, and
the inequality(nm) > u(nm) holds.

From condition P3 follows that inequality

v(n) >u(n) (2.89)
holds.
From condition 4 of Theorem 2.5.1 follows that
v(n) =u(n) = H. (2.90)
Therefore inequality
v(n) <g((n,v(n)) (2.91)

holds.
From inequalities (2.89), (2.90), and (2.91) we obtain inequality

u'(n) <V(n) <g(n,v(n) =g(n,u(n)). (2.92)

Inequality (2.92) contradicts the fact that functioft) is a solution of the scalar impul-
sive differential equation (2.85), (2.86).

Casel.2. Letn = tp. From the definition of numban and the choice of point €
follows the validity of the equalityw(n) = u(n). Then there exists a poidte J(To, %) N
[To,To+T], & > 1o such thaw/(t) > u(t) for t € [10,&). Therefore there exists a sequence of
points{&m}7 such tha€m > n, liMmy 0 Em=n andv(&m) > u(§m). Therefore the inequality
(2.89) is true. As in the proof of case 1.1 we obtain a contradiction.

Casel.3. Let there exist a natural numbler 1 < k < p such that) =tx. Then the
inequalities

V(tx +0) > u(ty+0)

and
v(t) < u(t), te [to (2.93)

hold.
From condition 4 of Theorem 2.5.1 follows the validity of the inequality

V(tc+0) > u(te+0) > H. (2.94)

Consider the following two possible cases:
Casel.3.1. Letv(tx) = u(ty).
From condition {ii ) and inequalities (2.93) and (2.94) we obtain

Gk(u(ty)) = u(tk+0) < v(tk +0) < v(tx) = Gk(u(ty)). (2.95)
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Inequality (2.95) contradicts condition 3 of Theorem 2.5.1.
Casel.3.2. Letv(tx) < u(tk). The from conditionii ) inequality

Gk (u(tk)) = u(tk +0) < v(tx +0) < Gy(v(tk)) < Gk (u(ty)) (2.96)

holds.

Therefore inequality (2.87) holds.

We will prove that forxg € X the inclusionJ(Tg,Xg) D [To,To+ T] IS true.

Assume the contrary. Since the impulsive functidp&c) are defined for allx €
R" and according to the assumption there exists a poirg [1p,Top + T] such that
lims oo X(S To, Xo)|| = .

From condition {) and inequality (2.87) follows that ligr,5_ou(s) = . The last equal-
ity contradicts the condition that functian(t) is defined on the intervato, 1o+ T].

Therefore, the solutior(t; To, Xo) is defined on the intervato, 1o+ T].

From inequality (2.87) and the periodicity of functi®d(t, x) follows that

V (T0,X(To+ T;To,%0)) =V (To+ T,X(To+ T;To,X0)) = V(To+T)

<Uu(to+T) < u(To). (2.97)

Inequality (2.97) implies that the operat@: xo — X(Tp+ T; To, Xp) transforms the set
2 intoitself. From conditions 4, 5, and 6 of Theorem 2.5.1 it follows thaBsistnonempty,
bounded, closed, and convex. According to the Brauer’s Fixed Point Theorem the operator
Q: X — 2 has a fixed point on the sé&t, i.e. there exists a poing € Z such thatxy =
X(To—I-T;to,XQ).

Case?2. Let there exist a natural numbkrsuch thatrg = tx. We assume thap = to.
As in the proof of case 1, if we assume théth) < u(tg) then from the conditions of the
functionsv(t) andGop(u) follows that

V(to-l—O) < Go(V(to)) < Go(U(to)) = U(to+0).
The last inequality implies thag > to. O

Theorem 2.5.2.Let the following conditions be fulfilled:

1. Conditionsl, 2, 3, and6 of Theoren®.5.1are satisfied.

2. There exists a numbeg such that the scalar impulsive differential equati@h85),
(2.86) has a solution (t) for t € [To,To+ T], such that the inequalities(tg) > u(to+T)
and ut) > b(H) hold fort € [tg,To+ T].

3. There exists a function(¥, x) from set W such that

(i) a(||x|]) < V(t,x) < b(||x|]) for (t,x) € R x R", where ac A, b € CIP;

(i) for (t,x) € [To, To+ T] x R", t # ti, ||x|| > H the inequality

D 283 289V (1,X) <9(t,V(t,X))

holds, where H= const> sup{V (t,0) : t € [T0,To+T]};
(iii ) V (tc + 0,x+ 1k (X)) < Gi(V (t, X)) for x € R", tx € [T, To+ T] and||x+Ix(X)|| > H;
(iv) function V(t, x) is periodic in t with a period T.
Then the system of impulsive differential equatiGh83),(2.84) has a T-periodic so-
lution.
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Proof. The proof is analogous to the proof of Theorem 2.5.1, where we use the inequality
||x(n;to,X0)|| > H instead of inequality (2.90). O

We will obtain sufficient conditions for the existence of periodic solutions of the system
of impulsive differential equations (2.83), (2.84).

Theorem 2.5.3. Let the following conditions be fulfilled:

1. Conditionsl, 2, 3, and6 of Theoren®.5.1are satisfied.

3. There exists a numbep and a function Le C(R, [0,)) such that scalar impulsive
differential equation(2.85), (2.86) has a solution (t) for t € [19,Tp+ T] such that the
inequalities ytp) > u(to+T) and ut) > L(u(t)) hold fort € [1o, To+ T].

4. There exists a function ¥, x) from set W such that

() V(T0.X) < (To);

(i) a(||x||) < V(t,x) for (t,x) € R x R", where ac A,

(i) for (t,x) € [To,To+ T] x R", t # tx and V(t,x) < L(V(t, X)) the inequality

D-

(283 289V (LX) <L, V(t,X))

holds, where H= const> sup{V (t,0) : t € [T0,To+T]};

(iv) V(g + 0,x+ I (x)) < G—Kk(V (t, x)) for x € R", t € [To, To+ T];

(v) function \(t, x) is periodic in t with a period of T.

Then the system of impulsive differential equatiGh83),(2.84) has a T-periodic so-
lution.

Proof. The proof of Theorem 2.5.3 is analogous to the proof of Theorem 2.5.1. In this case
pointn in equality (2.88) is defined by

n = sup(t € I(to,X%) N[To,To+T]: V(S) < u(s), s€ [To,t]}. O



Chapter 3

Monotone-lterative Techniques
for Impulsive Equations

Since the set of nonlinear problems that solutions could be presented as well known func-
tions is too narrow, one needs to exploit various approximate methods. There are different
analytic approximate methods applied to various types of differential equations ([2], [19],
[31], [32], [79], [110]).

In this chapter the monotone-iterative techniques are applied to different types of impul-
sive equations. The monotone-iterative techniques combine the method of lower and upper
solutions with an appropriate monotone method. The class of the impulsive equations to
which these techniques could be applied is comparatively wide because the algorithm for
constructing successive approximations is very simple and the conditions for the right part
of the equations are natural. This technique is applied successfully to different types of
differential equations without impulses ([36], [92], [94], [102], [116], the monograph [88],
and the cited therein references).

We note that similar results to those proved in this section are published in [9], [12],
[13], [68], [69], [70], [71], [72].

3.1. Monotone-Ilterative Techniques for The initial Value
Problem for Impulsive Differential-Difference
Equations with Variable Moments of Impulses

We will begin considerations with the initial value problem. To extend the set of impul-
sive equations for which the method is applicable, we will consider impulsive differential-
difference equations. We will apply this method to the initial value problem for nonlinear
scalar impulsive differential-difference equations in the case of variable moments of im-
pulses, i.e. the impulses occur when the integral curve of the solution intersects one of the
initially given hypersurfaces.

In this section we will consider only one hypersurface. This way we will avoid some
complicated notations and technical difficulties and will keep all ideas in the proofs.

Let seto = {(t,x) e R xR : t =1(X)} be given, where function(x) € C(R,R).
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Consider the initial value problem for the scalar impulsive nonlinear differential-
difference equation

X = f(t,x(t),x(t—h)) fort>to, t #1(X(t)), (3.1)
X(t4+0)—x(t—0)=I1(x(t)) fort=1(x(t)), (3.2)
X(t) = ¢(t) forte [to—h,to], (3.3)

wherexe R, f:[to, T/ xRxR—=R, I :R—=R, ¢ :[to—h,t)) - R,h=const>0,tp < T,
T = const< .

Consider the corresponding initial value problem for the scalar nonlinear differential-
difference equations without impulses

X = f(t,x(t),x(t—h)) fort>to, (3.4)

X(t)=¢(t) forte [to—h,to]. (3.5)

We will denote the solution of the initial value problem for the impulsive nonlinear
differential-difference equation (3.1), (3.2), (3.3) kit;to,$), and the solution of the cor-
responding initial value problem for the nonlinear differential-difference equation without
impulses (3.4), (3.5) b¥X(t;to, d).

We will apply the monotone iterative technique on the inteft@h- h, T], to < T < co.

We will say, that conditions (H) are satisfied if:

H1. Functionf € C([to, T| x R x R,R).

H2. Functionf is Lipshitz, i.e. there exist constarts > 0 andL, > 0 such that for
every two pointgx,y), (§,n) € R x R and for allt € [to, T] the inequality

[t xy) — (6 &) < La[x—¢&[+La[y—n|

holds.

H3. There exists a constalt > 0 such thatf (t,x,y)| < M for (t,x,y) € [to, T] x R x R.

H4. Functiont € C(R, [to, T]) is Lipshitz with a constant. > 0 , where 0< L < .

H5. Inequalityt(x+1(x)) < 1(x), x€ R holds.

H6. Function¢ € C([to—h,to],R).

One of the unique phenomena of the solutions of impulsive equations with variable
moments of impulses is the “beating”, i.e. the case when the integral curve of the solution
intersects the same semany times (finite or infinity many times). This phenomenon could
be the reason for interruption of the existence of the solution. Therefore, it is necessary
the obtaining of sufficient conditions for absence of “beating” of the solutions of the initial
value problem (3.1), (3.2), (3.3), i.e. sufficient conditions for not more than one intersection
point of the setr and the integral curve of the solution on the interfiglT].

Lemma 3.1.1. Let conditiongH) be satisfied.

Then

(i) The integral curve of the initial value problem for the impulsive equati8ri),
(3.2),(3.3) meets only once cun@intg <t <T.

(ii) The solution of the initial value problem for the impulsive equat{8ml), (3.2),
(3.3) exists onto—h, T].
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Proof. (i). From conditions H1, H2, and H6 follows that the initial value problem for
the differential-difference equation (3.4), (3.5) has unique soluXnty,$) on [to—h, T].
Assume that fort € (to, T) the inequalityt # t(X(t;to,$)) holds. Thenx(t;to, ¢) =
X(t;to,$) for to—h <t < T and it is a continuous function. Therefore the function
Ww(t) =t —1(x(t;to,)) is continuous ortp, T] and according to the assumption the in-
equalityy(t) # 0 holds on the intervdly, T]. At the same time the inequalities

B(to) =to—T(X(to;to,§)) <0, W(T) =T —1(x(T;t0,9)) >0

hold.

Therefore, there exists a poimt € (to, T) such that the equality(t1) = 0 holds, i.e.
T1 = 1(X(11;t0,$)). The obtained contradiction implies that the integral curve of the solu-
tion of the initial value problem for impulsive equation (3.1), (3.2), (3.3) meets caraé
momentty.

Assume that the integral cuné, x(t;to,¢)) intersects more than once the cuovand
let1; andty: 11 < Tp be two consecutive moments of intersection. From conditions H3,
H4, and H5 we obtain the inequalities

-1 = TX(2t0,0)) —T(X(T1;t0, )
< TX(T2it0,9)) — T(X(T15t0, §) + 1(X(T23t0, 9)))
= 1(X(12;t0,9)) — T(X(T1+ 0510, 9))
< L|X To; to, ) (Tl,to, )‘

Ll [ (s:x(St0.6).x(s=ito.6))ds

ML(T2—T1) < T2—T3.

IN

The obtained contradiction proves the validity of. (
Proposition {i) follows from conditions H1, H2, H6, and)( O

Definition 19. We will say that functionv(t) is a lower (upper) solution of the initial value
problem for the impulsive equation (3.1), (3.2), (3.3) if

V < () f(t,v(t),v(t—h)) fort >to, t #T(V(t)), (3.6)
V(t+0)—v(t—0) < (>) I(v(t)) fort=T1(v(t)), (3.7)
v(t) = (t) forte [to—h,tg. (3.8)

Similarly, we can define lower and upper solution of the initial value problem for the
differential-difference equation without impulses (3.4), (3.5).

We will obtain sufficient conditions for absence ln¢ating of the lower (upper) solu-
tions of the initial value problem for the impulsive equation (3.1), (3.2), (3.3).

Lemma 3.1.2. Let the following conditions be fulfilled:
1. ConditionsH1-H4andH6 are satisfied.
2. Functiont(x) is increasing (decreasing).
Then
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(i) the integral curve of the lowefupper) solution of the initial value problem for the
impulsive equatiori3.1), (3.2), (3.3) intersects only once the curgefortog <t <T.

(ii) The lower (upper) solutions of the initial value problem for the impulsive equation
(3.1),(3.2),(3.3) exists on the intervdty — h, T].

Proof. (i). Let functiont(x) be increasing and functiow(t;tp,$) be a lower solution of
the initial value problem for the impulsive equation (3.1), (3.2), (3.3), defined fet,.

If the integral curve(t,v(t;to,$)) does not intersect curve on the interval(ty, T), then
the functiong(t) =t —1(v(t;to,$)) is continuous on the intervaly, T] and(ty) < 0 and
Y(T) > 0. Therefore there exists a pointe (to, T) such thatp(t1) =0, i.e.

T =T(v(T1t0, 9))-

The last equality implies that curvg, v(t;to, ¢)) intersectso fortop <t < T, i.e. the
integral curve of the lower solution of the initial value problem for the impulsive equation
(3.1), (3.2), (3.3) intersects at least once the curve

Assume that the integral cune, v(t;to,$)) has at least two common points with the
curveo and lett; andt, be two consecutive points of intersection and< 1. From the
fact that the functior(x) is increasing and the inequality

0<T2—T1 =T(V(T2;t0,9)) — T(V(T1;t0,9))

it follows that v(t2;t0, ¢) > v(T1;t0,¢). From condition 2 it follows thatr(x) > t(x+ (X))
, i.e. x> x+1(x). From the last inequality we obtain thiix) < O for x € R. Therefore
inequality

V(T1;t0,9) > V(T1+05to,0) = V(T1;t0,9) + 1(V(T1;t0,9))

holds. Therefore,

To—T1 = T(V(T2t,$)) —T(V(T1;t0,9))
< T(V(t2t0,9)) —T(V(Taito, §) +1(V(T13t0, 9)))
= T(V(12t0,9)) —T(V(T1+Oto, §))
< LV(t2;t0,$) —V(T1;t0, )]
< L\/ (s,v(s;to,d), v(s—h;to, ¢))ds|

IN

ML(T2—T1) <T2—T3.

The obtained contradiction proves propositiondf Lemma 3.1.2.

Proposition {i) follows from conditions H1, H2, H6, and)(

The case of upper solutions and a decreasing funetioncan be proved analogously.
O

As a corollary of Lemma 3.1.2 we obtain the following result about lower (upper) solu-
tions of the initial value problem for the differential-difference equation without impulses
(3.4), (3.5):
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Lemma 3.1.3. Let the following conditions be fulfilled:

1. ConditionsH1-H4and H6 are satisfied.

2. Functiont(x) is monotone increasinffecreasing.

Then the integral curve of the lowgupper solution of the initial value problem for
the differential-difference equation without impulg@s4), (3.5) has unique common point
with the curveo on the interval(to, T).

Let functionsv,w € PCY([to, T]) andv(t) < w(t) fort € [to, T]. Denote
K[to, T],v,w) ={u: [to, T| = R,v(t) <w(t),t € [to, T|}.
Consider the scalar differential- difference equation
X = —ax(t) —bx(t —h) fort € [to, T], (3.9)

with the initial condition
X(t)=0, fortg—h <t <tp, (3.10)

wherea, b are constants.
In further investigations we will use the following result:

Lemma 3.1.4. Let the following conditions be fulfilled:
1. Constants a and b are positive.
2. Inequality(a+b)(T —tp) < 1 holds.
Then all lower solutions of the initial value problef8.9), (3.10)are nonnegative.

Proof. Letx=Xx(t) be an arbitrary lower solution of the initial value problem (3.9), (3.10).
Denote

ty =inf{t € [to,T]: Xx(t) #0}.

Itis clear thatx(t;) = 0.

Assume that there exists a potpie (t1, T) such thak(t) > 0.

Consider the following three cases:

Casel. There exists a constaint € (to, T —t1) such thatx(t) < 0 fort € [t1,t1+ hy].
Sincex(t2) > 0, we conclude that there exists at least one point on the intggvah, t2),
that vanishes the solutiofit). Let

t3=inf{t € [ty +hy,t2) : x(t) =0}.

Thenx(tz) = 0. Denotem= min{x(t) : t; <t <ts}. Thenm< 0. Letm= X(t4), where
t1 < t4 < tz. The inequalities

M o= —x(t) = X(ts) —X(ta) = /tt3d’(;—(tt)dt
< /M ® (—ax(t) — bx(t — h))dt
< /t:s(—am— bm)dt = —m(a+b)(tz —ta)

< —m(a+b)(T —to)
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hold. Therefore we obtain the inequalityd(a-+b)(T —tg), which contradicts condition 2
of Lemma 3.1.4.

Case2. There exists a constahi, 0 < h; < min{h, T —t;} such thatx(t) > 0 for
t; <t <t;+h;. On thisinterval the solutiom = X(t) is a decreasing function since

X (t) < —ax(t) —bx(t —h) = —ax(t) <O0. (3.11)

From the choice of point; and the conditions of this case it follows that there exists
a pointt € [ty,t; + hs] such thatx(t) > 0. Therefore at that point the inequality (3.11) is
strict. From this fact and the equalikft;) = 0 we conclude that(t) < O that contradicts
the assumptions of the case.

Case3. There exists an increasing sequefize}; such that lim_.t, = t; and the
inequalityx(t, ) <0 holds forn=1,2,.... Atthe same time there exists a sequeftgey
such that; <t; <t , and the inequaliti(t;) > 0 holds forn=1,2,.... Therefore in

this case there exists a sequefity s, such that the inequalitieg <t2 <t ;, X(t9) >0

and%ﬁf% =0holdforn=1,2,.... Since Iime,t,? =1t,, then we conclude that there exists

a numbemg, such that the inequality < t° < t; +h holds forn > ng. From inequality for
the lower solution, that corresponds to the equation (3.9hferng we obtain the following

contradiction

0
0= dﬁ”) < —ax(t%) — bx(t°— h) = —ax(t°) < 0.
Thereforex(t) <O0fort € (t1,T). O

We will give an algorithm for constructing successive approximation of the solution of
the initial value problem for the impulsive differential-difference equation (3.1), (3.2), (3.3).
For this purpose we will use the lower solutions of the corresponding initial value problem
for the differential-difference equation withoutimpulses (3.4), (3.5) and appropriate mono-
tone method.

We will say that the conditions (A) are satisfied if:

Al. Functionvg € C([to—h, T],R) is a lower solution the initial value problem for the
differential-difference equation without impulses (3.4), (3.5).

A2. Functionwp € C([to—h, T],R) is an upper solution of the initial value problem for
the differential-difference equation without impulses (3.4), (3.5).

A3. Inequality(L1 +L2)(T —to) < 1 holds.

A4. Functionl € C(R,R).

The main result in this section is the following theorem:

Theorem 3.1.1.Let the following conditions be fulfilled:

1. ConditionsH1-H6, A1, A3 and A4 are satisfied.

2. Functiont(X) is increasing.

There exists a sequence of functigng(t) }g such that W(t) : [to—h, T] — R and:

a/ Functions y(t) are lower solutions of the initial value problem for the impulsive
differential-difference equatiof8.1), (3.2),(3.3);

b/ The sequence of functiofiss(t) }3 is nondecreasing, i.e.

up(t) <upt) <ug(t) <... for tp—h<t<T;
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¢/ Limitu(t) = rI]im up(t) forto—h <t <T exists;

d/ Function ut) is a solution to the initial value problem for the impulsive differential-
difference equatio3.1),(3.2),(3.3) on the intervalto —h, T].

Proof. Let pointt; € [to, T], function ¢1 € C([ty — h,t1],R), and functionx; € §([t; —
h, T],vo,Wo).
Consider the initial value problem for the linear differential-difference equation

X = —Lix(t) —LoX(t —h)+F(t,x1), te€[t,T] (3.12)

with initial condition
X(t)=¢1(t), t1—h<t<t, (3.13)

where
F (t,Xl) = f(t,Xl(t),Xl(t - h)) + L1X1(t) + L2X1(t — h)

The initial value problem for linear differential-difference equation (3.12), (3.13) has
an unique solution for any fixed function (t) € S([t1 — h, T], vo,Wp). Denote this solution
by xo(t).

Define operatof2 with the help of equation

X2 = Q(ty,$1,%1),

i.e. to any triple(ty,$1,X1) such thaty € [to, T], ¢1 € C([t1 — h,t1],R) andx; € ([t —
h,T],vo,wo) we correspond the unique solution of the initial value problem (3.12), (3.13).
Consider the following initial value problem for the nonlinear differential-difference
equation
X = f(t,x(t),x(t—h)) for t; <t <T, (3.14)

X(t) = (I)l(t) for t e [tl— h,tﬂ. (3.15)

Let x;(t) be a lower solution of problem (3.14), (3.15). Then the oper&dras the
following properties:

P1.If xo = Q(tl,(l)l,Xl), thenxz(t) > Xl(t) fort; —h<t<T;

P2. Functionx; is a lower solution of the problem (3.14), (3.15);

P3. 1f X! X € §([ty — h, T], vo,wo), XV (t) < xP(t) fort; —h <t <ty andxs” =
Q(ty, o1, xM), X2 = Q(ty, 01, x?), thenxt? (t) < X2 (t) fort; —h <t < T.

Indeed, to prove property P1 we sdt) = x;(t) —xp(t) fort; —h <t <T. Then we
obtain

()  dw(t) dxlt)

dt dt  dt

F(t, xa(t), Xa(t — ) -+ LaXa(t) + LoXa(t — h) — F (t, xq)
L (xl(t) —x2(t)) L, (xl(t “h) = Xt — h))
—L]_X(t) — L2X(t — h), 1<t <T.

A

The following equality
X(t) :0, tl—hgt <ty
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holds. Then according to Lemma 3.1.4 the inequality < 0 holds fort; —h <t < T that
proves the validity of property P1.

The validity of properties P2 and P3 can be proved analogously.

According to Lemma 3.1.3 there exists an unique pojnt (to, T) such that

Two = T(Vo(Two)),

i.e. the integral curvét, vp(t)) intersects the curve only at the moment,, on the interval
(to,T).

Let Vg (t) be a lower solution of the initial value problem for the differential-difference
equation without impulses (3.14), (3.15), wheye= 1y, and the functiorp is defined by

B Vo(t) for ty,—h <t <1y,
611 —{ W) +106M)  for t=ty.

The equalityg (t) = vo(t) holds fort,, —h <t < 1,. As in the proof of Lemma 3.1.2,
from condition H5 and monotonicity of the function follows that1(x) < 0 for x € R.
Therefore

Vg (Tve) = 91(Tug) = Vo(Twg) +1(Vo(Twy)) < Vo(Tvy)-

Therefore the lower solutiom] (t) of the initial value problem for the differential-
difference equation (3.14), (3.15) is chosen such that

Vi) <wo(t), Typ,—h<t<T.

Set
| wo(t) for tp—h <t <1y,
Uo(t) = { vy (t)  for T, <t<T.

Functionup(t) is a lower solution of the impulsive differential-difference equation (3.1),
(3.2), (3.3).

Sincevy(t) is a lower solution of the initial value problem for the differential-difference
equation withoutimpulses (3.14), (3.15), itis possible to define a funetienQ(to, d, Vo),
i.e. vy is a solution of the problem (3.12), (3.13) far=to, ¢1(t) = ¢(t) andxy(t) = vo(t).
From properties P1, P2, and P3 of the oper&ar follows thatv; (t) is a lower solution of
the problem (3.14), (3.15) fdg = to and$ (t) = ¢(t). Therefore, the inequality

vi(t) > vo(t), to—h<t<T (3.16)

holds.
According to Lemma 3.1.3 there exists an unique pojnt (to, T) such that

Ty, = T(V0<TV1))7

i.e. the integral curvét, vi(t)) intersects the curve only at pointty, on the intervalto, T).
We will prove thatt,, > 1,. If we assume the contrary, i.e. the inequatify < 1y,
holds, then from inequality (3.16) and the monotonicity of functiowe obtain

W(tv) = Ty, = T(Vo(Tvy)) = T(Va(Twy)) = T(Vo(Tw)) = 0.
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In addition the inequality

W(to) =to—T1(Vvo(tg)) <O

holds.
Therefore, there exists a poirite (to, Ty, such thatp(t*) =0, i.e.

T =1(vo(T")).

From the last equality we conclude that cun(&s/,(t)) ando have a common point
T T <71y <Ty, i.e. the integral curvét, vy(t)) intersects curve at two different points
T andty,, that contradicts the conclussion of Lemma 3.1.3.

We consider function] = Q(ty,, $1,V{), where

_ vi(t) for 1y, —h<t<1,
02(0) = { vl(t)+1l(v1(t)) for t =1y, 317

According to property P2 of operat®? functionv; is a lower solution of the problem
(3.14), (3.15), wher¢; = 1y,, and the functiorp; is defined by the equality (3.17). From
property P1 of operata® follows that fort,, <t < T the inequalityv; (t) > v (t) holds.

Define the function

Ua(t) = vi(t) for to—h<t<rty,
YW for Ty, <t<T.

Function us(t) is a lower solution of the initial value problem for the impulsive
differential-difference equation (3.1), (3.2), (3.3) and the inequality

Ul(t) > Uo(t), to—h <t<T

holds.
Assume that for a natural numberthe functionsvp_1: [to—hT] =R, v} ;:
[to—h,T] — R, and the functions

u (t) _ Vn_l(t) fOI’ to - h S t < Tvn71
n-1 Vi) forty, , <t<T

are constructed.

Setvy = Q(to, ¢, Vn—1). Letty, = 1(Vn(1y,)). According to Lemma 3.1.3 there is only
one point that vanishes the functidnt) =t —t(vn(t)). Itis easy to prove the validity of
the following inequality

Ty, > Ty, ;- (3.18)

Define functionv;; = Q(ty,,$1,V: ), where

for ty,—h<t <1y,

_ Vin(t)
b2t —{ Vo) H1 () for t=1y,. (3.19)

At the end we set

MU v for Ty, <t<T.

n
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Function uy(t) is a lower solution of the initial value problem of the impulsive
differential-difference equation (3.1), (3.2), (3.3) and the inequality

Un(t) > Un-1(t), to—h<t<T (3.20)

holds.

We construct a sequenge,,; }_ and a sequencfu;(t) }{”_, of lower solutions of the
initial value problem for the impulsive differential-difference equation (3.1), (3.2), (3.3)
such that the inequalities (3.18) and (3.20) hold.

Since the sequendgy, }‘j’°:0 is increasing and it is bounded from above by a constant T,
the sequence is convergent and let its limitthe (to, T].

Consider the sequencej(t)}{_, of continuous functions on the intervéh — h, T].
According to the definition of functions; (t) and property P1 of operat@® we conclude
that this sequence is increasing, i.e.

Vn(t)Zanl(t), to—hStST, n:1727

We will prove that the sequence of functiofig (t) }_, is bounded from above. Indeed,
forto —h <t <tgthe equalities,(t) = ¢(t), n=1,2,... hold. Therefore,

Vo(t) <My = max{d(t): tefto—htg}, n=1.2,....

Fort € (tp, T] the inequality
Vin(t) = Vp(to) +/tt (Ll(vn,l(s) —Vn(9))
+ Lg(vn,l(s—h)—vn(s—h)))ds
+ /t  f (8o 1().v_1(S—h))dS< b(to)

/ f(S.Vo1(),vi_1(S—h))ds
to
(I)(to)—i—l\/l(t—to) < M¢+M(T—t0) (321)

IN

holds.
Following the above we obtain that

Vn(t) < M¢+M(T—to), to—h<t<T.

Therefore, the sequende;(t)}7, is uniformly convergent orjto —h, T]. Let v(t) =
limy_»Vn(t). Itis clear that the functiorv(t) is continuous and it is a solution of the
problem without impulses (3.1), (3.3) on the intery@l— h, T]. Indeed, from the equality
Vn = Q(to, §, vh—1) after taking a limit forn — o we obtainv = Q(to,$,v). This implies
that the functionv(t) is a solution of the initial value problem for the differential-difference
equation without impulses (3.4), (3.5). Then the inequality

V(t) > Wn(t), to—h<t<T
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holds.

From equalityty, = t(Vn(Ty,)) @asn— c we obtainty, = T(Vn(Ty)). Therefore the integral
curve of the solution(t) of the initial value problem for the differential-difference equation
without impulses (3.4), (3.5) intersects the cuovat the moment,. According to Lemma
3.1.3 this moment is unique.

Sincety, < 1y, itis clear that the function is defined forty, <t <T, n=1,2,.
According to (3.20) the sequence of functlo{nq+ ¢, Is a monotone increasing in thelr
common domain. We will prove that the sequence of funct@ﬁs{t >, is bounded from
above. Indeed, fare (1, — h, 1y,) the equalities

VE(t) = Va(t) < My+M(T —to), n=1,2,...

hold.
Then fort € [1y,, T] the inequalities are valid

Va (1)

() +100(T) + [ (8 V4(9) v (s~
b [ (L (9~ (9) + Lol 4(5— )~ (s—)))ds

T\/n
t
< |v|v+/ F(S.VE4(8), Vi 4(s—h))ds< My+M(t —t,)
T\/n

< MyAEM(T=1,) =M. (3.22)

Therefore the sequem{ej+ (t)}5_ is uniformly convergent for, <t <T. Letv*(t) =
limn—e Vi (t). The inequalities

Vi) >vi(t), w<t<T, n=12,...

hold.
From equality (Ty,) = Vn(Ty,) +1(Vn(Ty,)) ash — c we obtain

VH(Ty) = V(Ty) + H(Y(Ty)).

From the equality;; = Q(ty,,91,V¢ ;) we conclude that the function” (t) satisfies
the equation
dvt(t)
dt

= Q(Tv,§1,v") = f(t,v(t),v (t—h))
with initial condition

v(t) for ty—h<t<ty
{ v(t) +1(v(t)) for t=r1y.

Set
u(t) = v(t) for to—h<t<Tty
S vh(t)  for T, <t <T.
The functionu(t) is a solution of the initial value problem for the impulsive differential-
difference equation (3.1), (3.2), (3.3). O
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In the case when the sequence of upper solutions is used as list of approximations of
the solution we obtain the following result:

Theorem 3.1.2.Let the following conditions be fulfilled:

1. ConditionsH1-H6 , A2, A3,and A4 are satisfied.

2. Functiont(X) is decreasing offRr.

There exists a sequence of functid¢og(t) } g such that y(t) : [to—h, T] — R and:

a/ Functions y(t) are upper solutions of the initial value problem for the impulsive
differential-difference equatiof8.1), (3.2),(3.3);

b/ The sequence of functiofis,(t) }3 is nonincreasing, i.e.

up(t) > up(t) >ug(t) >... for tp—h<t<T,

c/ There exists the limit(t) = rI]im up(t) fortp—h <t <T;

d/ Function yt) is a solution of the initial value problem for the impulsive differential-
difference equationi3.1),(3.2),(3.3) on the intervalto— h, T].

The proof of Theorem 3.1.2 is analogous to the proof of Theorem 3.1.1. O

Remark 7. If the delay of the argument is zero in (3.1), (3.2), ihe= 0, then this equation
reduces to the impulsive ordinary differential equation with variable moments of impulses.
The proved Theorems 1.1.1 and 1.1.2 give us procedures for approximately solving the
initial value problem for the scalar impulsive differential equation with variable moments
of impulses, that is studied in [81].

Remark 8. If the impulsive functionl (x) = 0 in (3.1), (3.2), then the obtained results give
us procedures for approximately solving the initial value problem for the scalar differential-
difference equation without impulses.

Remark 9. If the delay of argumenh = 0 and the impulsive functiom(x) = 0 in (3.1),
(3.2), then the proved results give us procedures for approximately solving the initial value
problem for a scalar ordinary differential equation without impulses.

3.2. Monotone-lterative Techniques for the Initial Value
Problem for Systems of Impulsive
Functional-Differential Equations

We will study the case when the monotone-iterative technique is applied to a system of
impulsive differential-difference equations with fixed moments of impulses. We will define
different types of lower and upper solutions of the studied impulsive system. We will give
an algorithm for constructing two sequences of successive approximations of the solution
of the considered problem.

We note that some qualitative results for impulsive functional-difference equations are
obtained in ]-[?], [?].

Let pointsto =0 <ty <tp <--- <tp <T =tp;1 be fixed.
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Consider the initial value problem for the system of impulsive functional-differential
equations

X = f(t,x(t),x(h(t))), for t €[0,T], t #t;, (3.23)
X(ti4+0)—x(t —0) = Li(x(t)), i=1,2,....p (3.24)
X(t) ( )7 te [_av 0]> (325)

wherexe R", f : [0,T] xR"xR"—=R" l;: R"—=R", h:[0,T] - R, T,a= const> 0.

We will use notations that are analogous to those used in [92] for systems of ordinary
differential equations. These notations play an important role in the definitions of different
types of lower and upper solutions for the systems of impulsive equations.

For each natural numbgr. 1< j < nwe consider two nonnegative integgrsandg;
such thatp; +qj = n—1 and for the points,y, ze R" we introduce the notation

(Zla'°'7Zj—1axjazj+17'"7ij+1)ypj+25"'ayn)
for pj > |

(21,227---yzpj,ypj+17---7Yj71,xj,)/j+l,~an)
for p;<j.

(Xj, [Z)p;s [Y]g;) = (3.26)

For example, lebh = 3. Choosg; =2,0:=0,p2=1,go=1andpz=1,g93=1. Then

(X1, [2]pys Ya) = (%1522, 23), (%2 [2]ps, [Y]ap) = (21, %2, Y3) s (X3 [Z]ps, [Y]as) = (21, Y2, X3).
According to the introduced notation the initial value problem (3.23), (3.24), (3.25) can
be rewritten in the form

X, = (6 (0), X0 Jpy, X)) %, (0)), KOOy KO, 4L, (3.27)
Xj(ti—i-O)—Xj('[i—O) :Iij(xj(ti—O),[x(ti—O)]pj,[x(ti—O)]qj), i=12,...,p, (3.28)
Xj(t)=0;(t), te[-a0], j=1,2,...,n (3.29)

Letx = (X1,X2,...,Xn) @andy = (y1,¥2,...,¥n). We will say that the inequality < (>)y
holds, if for all natural numbers: 1 < j < nthe inequalitiex; < (>)y; hold.

Definition 20. The pair of functions,w € PC([—a,T],R"), Vv = (Vi,Vo,...,Vn), W=
(Wy,Wa,...,W,) is called a pair of lower and upper quasisolutiorsf the initial value
problem for the system of impulsive functional-differential equations (3.23), (3.24), (3.25)
if

Vi < £tV (1), V()] py, WEOq,,vi (h()). VM) gy, W(h(E)]g,).  (3.30)

Wi > fi(twit), [w(t)]p; [V(E)]g; wi (h(t)), [w(h(t))]p;. [v(h(t))]g,)
for t € [0,T], t #t;,
Vj(ti +0) —vj(ti —0) < lij (vj(t — 0),[v(ti — 0)]p;, [W(ti — O)]q,). (3.31)
Wj(ti+0) —w;j(ti—0) > lij(wj(ti —0),[w(ti —0)]p;, [V(ti —0)]g;),
i=212,...,p,
vit) <o;(t), w(t)>o;(t), te[-a0], j=1,2,...,n. (3.32)



100 Snezhana G. Hristova

Remark 10. We will note that the pair of lower and upper quasisolutions is generalization
of the lower and upper solutions in the scalar case- (L, p; = q; = 0).

Definition 21. The pair of functions,w € PC([—a,T|,R"), Vv = (Vi,Vo,...,Vn), W=
(Wy,Wo, ..., W) is called a pair of quasisolutionsf the initial value problem for the system
of impulsive functional-differential equations (3.23), (3.24), (3.25) if (3.30), (3.31), (3.32)
are satisfied only for equalities.

Definition 22. The pair of functionsy,w € PC([—a,T|,R"), Vv = (V1,V2,...,Vp), W=

(W1, Wo,...,W,) is calleda pair of minimal and maximal quasisolution®f the initial
value problem for the system of impulsive functional-differential equations (3.23), (3.24),
(3.25) if it is a pair of quasisolutions of the same problert) < w(t) and for any other
pair (1,v) of quasisolutions of (3.23), (3.24), (3.25), the inequalitgs) < p(t) < wi(t),

v(t) <v(t) <wl(t) hold fort € [—a, T].

Remark 11. We will note that the pair of the minimal and maximal quasisolutions is gen-
eralization of the minimal and maximal solutions in the scalar case 1, p1 = q1 = 0).

Remark 12. We will note that if the pair of functions,w € PC(|—a, T],R") is a pair of
minimal and maximal quasisolutions, then the inequality < w(t) holds. Also, for any
pair of quasisolutions this inequality is false.

Remark 13. We will note that for all natural numbers: 1< j <nthe equalitiep; =n—1
andg; = 0 hold and the paiv,w € PC([—a,T],R") is a pair of quasisolutions of (3.23),
(3.24), (3.25). Then the functionsandw are solutions of the same problem. If the initial
value problem (3.23), (3.24), (3.25) has unique soluti¢t), then the pair of minimal and
maximal quasisolutions i&u, u).

For all pairs of functions,w € PC([—a, T|,R" such thaw(t) <w(t) fort € [-a,T], we
define the sets

Sv,w) ={ue PC([—a,T|,R"): v(t) <u(t) <wl(t),te[-aT]}, (3.33)
Fi(vyw) ={xe R"v(t) <x <w(t)}, i=1,2...,p. (3.34)

Lemma 3.2.1. Let the following conditions be fulfilled:

1. Function he C([0,T],R) is nondecreasing and it satisfies the inequalitiea <
h(t) <tfort € [0,T].

2. The scalar function ne PC!([—a, T],R) satisfies the inequalities

m(t) < —Mm(t) —Nm(h(t))), for t € [0,T] t#t;, (3.35)
m(t+0)—m(t —0) < —Lim(t), i=1,2,....p, (3.36)
m(t) =m(0), te[-a,0], (3.37)
m(0)< 0, (3.38)
where M and L are positive constansg Lj <1, i=1,2,...,p and

(M+N)T < (1-L)PH (3.39)
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T=max{t1—t:i=0,12,...,p}, (3.40)
L=maxq{Li:i=12,...,p}. (3.41)
Then the inequality ift) < 0 holds forte [—a, T].

Proof. Assume the contrary, i.e. there exists a pgiat(0, T] such tham(§) > 0. Consider
the following three cases:

Casel. Letm(0) =0, m(t) > O,m(t) # O fort € [0,b], whereb € (0,t;) is a small
enough constant. Then from equality (3.37) follows that) = 0 fort € [—a,0]. From
inequality (3.36) follows that if for a natural numbé&r. 1 <k < p the equalitym(ty) =0
holds, thenm(tx + 0) < 0. Therefore there exist poin€g, &, € [0,T], &1 < &2 such that
&1,&2 € [0,t4] or &1,&> € (tj,tj+1] for a natural numbejj : 1 < j < p, andm(t) =0 for
t € [—a,&1], andm(t) > 0 fort € (§1,&2). From inequality (3.35) follows thatY(t) < O for
t € (§1,&2]. Therefore, functiom(t) is continuous nonincreasing function gy, 2], i.e.
m(t) <m(&)=0fort € [€1,&2]. The last inequality contradicts the assumption.

Case2. Letm(0) < 0. According to the assumption and inequality (3.36) there exists a
pointn € (0,T],n#t, i=1,2,...,psuchtham(n) <0 fort € [-a,n], m(n) =0, m(t) >0
fort € (n,n+¢€), wheree > 0 is a small enough constant. Denote

inf{m(): te[—an|} =-A<0.

Consider the following two cases:

Case2.1. Let there exists a poige [—a,n],¢#t,i=1,2,...,p such tham(g) =—A
exist. Assume thag € (ty, tx+1] andn € (tkis, tkis+1) for some integerk,;s: 0<k<p,0<
s< p—k. Choose a poin; € (tkrs,tk+s+1),N1 > N such thag(n;) > 0. According to the
mean value theorem the equalities

m(n1) —M(tkys+0) =m (&) (N1 —tirs),
M(trs—0) —M(tkrs—1+0) =M (§s-1) (tkrs — thrs—1),
M(tk+1—0) —m(¢) =n(&o) (tk+1—6), (3.42)
h0|d1 Wher&o € (C7tk+1)l E.S € (tk+57n1)1 Ei € (tk+i7tk+i+1)v i = 1727 <S8 — 1.
From inequality (3.36) and equalities (3.42) we obtain the inequalities
m(NMe) — (1— Ly s)M(tkrs) < (E9)T,
Mticrs) — (1— Licrs—1)Mtirs—1) < m(&s-1)T,
M(tks+1) —m(¢) < M (&o)T, (3.43)
From inequalities (3.43) we obtain the following inequality

m(N1) — (1—Liy1) (1= Lit2) - (1= Lirs)M(C)
< m(Es)+(1—Lk+s)m(zs—l)"‘(1—I—k—&-s)(l—l—k—&-s—l)m(ES—Z)

oot (1= Lips) (1= Liss1) - - - (1= Ligam (8o) | T
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From the above inequality, inequality (3.35) and the choice of pajatand follows
the inequality

(1-L)%A < 1+(1—I)+(1—I)2+~~+(1—I)5](M+N))\r.

Therefore, inequality
(M+N)t

(=L)<=

(3.44)

holds.
Inequality (3.44) contradicts inequality (3.39).
Case2.2. Let there exist a poirtk € [0,n) such tham(tx+0) > m(t) fort € [0,n), i.e.
m(tx +0) = —A. As in the proof of case 2.1, whete= tx + 0, we obtain a contradiction.
Case3. Let m(0) =0, m(t) < 0, andm(t) # 0 for t € [0,b], whereb > 0 is a small
enough constant. As in the proof of case 2, we obtain a contradiction, that proves Lemma
3.2.1. O

We will give an algorithm for constructing a sequence of successive approximations and
we will prove the application of monotone iterative technique to the initial value problem
for a system of nonlinear impulsive functional-differential equations.

Theorem 3.2.1.Let the following conditions be fulfilled:

1. The pair of functionsw € PC([0,T],R"), v=(v1,V2,...,Vn), W= (Wq, Wy, ..., W)
is a pair of lower and upper quasisolutions of the initial value probl€Bi23), (3.24),
(3.25), \t) <w(t) fort € [~a, T], and (0) — ¢(0) < W(t) — §(t), W(0) — $(0) > w(t) — §(t)
fort € [—a,0].

2. Function f: [0, T] x R"x R" — R", f = (fy,fo,..., f1), where f(t,xy) =
f5(t, %5, [XIp;, [Xlg;» ¥i» [Ylp;» Ylq;)» is nondecreasing ifx], and[y]p,, nonincreasing irjxjq,
and|y]q;, and for xy € S(v,w), {(t) < x(t) the inequality

f(t XJ() [X®)]pj X(O)]a: % (L)), [X(N(E))]py [X(M(E))]oy)
Fi (& yi(t), Y(®)]p;: y(Ola; yi (h(t)), [y(h(t))] p;, [y(N(E)];)
> =M;j(xj(t) =yj (1)) = Nj(xj(h(t)) —yj(h(t))),
te[0,T], j=1,2,...,n (3.45)

holds, where NLN;, j=1,2,...,n are positive constants.

3. Functions | : R" — R", where | = (lis, li2,...,lin) and the functions;j(x) =
lij (X, [X]p;, [X]g;) are nondecreasing ifx]p,, nonincreasmg inx]g; and for xy € Ii(v,w),
y < x the inequality

lij (Xj, (X]py» [Xlay) = 1ij (Vs [Y]pys Yla) = —Lij (X —Yj), 1=1,2,....p

holds, where |; : 0<Lj; <1,i=1,2,...,n, j=1,2,...p are constants.
4. Function he C(]0,T],R) is nondecreasing and the inequalities < h(t) <t hold
fort € [0,T].
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5. The inequalities

(Mj+Nj)T < (1= 1j)P*,
T=maxt1—t;i=0,1,2,...,p},
Iy =max{Lij: i=12,...,p} (3.46)

hold.

Then there exist two sequences of functipr¥ (t)}% and {w (t)}§ such that:

a/ The sequences are increasing and decreasing correspondingly;

b/ The pair of functions% (t), w) () is a pair of lower and upper quasisolutions of the
initial value problem for the system of nonlinear impulsive functional-differential equations
(3.23),(3.24), (3.25);

c/ Both sequences convergelera, T|;

d/ The limits () = i!irrlov“‘)(t), W(t) = l!irrlow“‘(t) are a pair of minimal and maxi-
mal solutions of the initial value problem for the system of nonlinear impulsive functional-
differential equationg3.23),(3.24), (3.25).

e/ If u(t) € S(v,w) is a solution of the initial value problem for the system of nonlinear
impulsive functional-differential equatiori8.23),(3.24),(3.25), then (t) < u(t) < W(t).

Proof. We fix two arbitrary functionsg), p€ S(v,w) and for all natural numbers: 1< j<n
we consider the initial value problem for the scalar linear impulsive functional-differential
equation

u'(t) +Mju(t) + Nju(h(t)) = pj(t,n, p), fort € [0,T] t #t, (3.47)
u(ti+0)—u(t —0) = —Ljju(t) +vij(n, 1), i=1,2,...,p, (3.48)
uit)=¢;(t), tel-a0], (3.49)

whereu € R,

wit,n, 1) = fit,njt), NO]p;, W®)]g;nj (), N(h(t)]p;, (M) ]q;)
+Mjn;j(t) +Njn;(h(t)),
vii(n. W) = Lij(nj(t), N(t)]p;. [ME)]g) +Lijnj(t), i=1,2,....p

The initial value problem (3.47)—(3.49) has an unique solution for the fixed pair of
functionsn, pe S(v,w).

For any two functions), p € (v, w) such thaf(t) < p(t) fort € [—a, T] we define oper-
atorQ : S(v,w) x S(v,w) — S(v,w) by Q(n, 1) =x(t), wherex(t) = (xa(t),X(t),...,Xa(t))
andx; (t) is the unique solution of the initial value problem for the scalar impulsive equation
(3.47)—(3.49) for the pair of functions, .

We will proof inequalityv < Q(v,w). We denoten(t) = v(t) — vi(t), wherevd(t) =
Q(v,w). The functiorm(t) satisfies the inequalities (3.35)- (3.38). According to Lemma
3.2.1 the functiomm(t) is nonpositive, i.ev < Q(v,w). Analogously it can be proved that
the inequalityw > Q(w, V) holds.

Letn,pe S(v,w) be arbitrary functions such thgt(t) < p(t) fort € [-a,T]. We in-
troduce the notations® = Q(n, n), X2 = Q(u,n), g =xY —x?, g=(g1,0,...,9n).
According to Lemma 3.2.1 functiorgg (t) are nonpositive, i.eQ(n, u) < Q(K,n) .



104 Snezhana G. Hristova

We define the sequences of functigné (t) }& and {w(t)}% by the equalities

VO WO —w;
V(k+1) — Q(V(k),W(k)), W(k+l) — Q(W(k)7v(k)).

<

According to the above proofs, function®) (t) andw®(t) satisfy fort € [-a, T] the
following inequalities

VOt <viW(t) < <Vl <wM(r) <o <wt) <w@). (3.50)

Both sequences of functiods™ (t)1% and {w®)(t)}% are convergent ofi-a, T]. Let
Vij(t) = Iimk%,vj(k)(t), W;(t) = Iimkﬂmwgk)(t), j=1,2,...,n. We will prove that the pair
of functionsV(t) andW(t), whereV = (V1,V,,...,Vy) andW = (W, W, ... .\W,), are a
pair of minimal and maximal quasisolutions of the initial value problem (3.23), (3.24),
(3.25). From the definition of functiong®(t), v = (v} v ... v¥) and w(t),
wik) = (w(lk),w(zk),...,wﬁk)) follows that these functions satisfy the initial value problem
(j=1,2,...,n)

(VO0) M () + N (h(1))) = (8, v D, wik D), (3.51)

k k k _ _
(W (1)) + MW () + Nwi (h(1))) = W (t, wkD), vk
fort € [0,T] t#t;,

V9t +0) v (6 — 0) = —Lipvi (t) iy (v D, wik D), (3.52)

W (6 +0) — Wi (t — 0) = —Lijwi (t;) + vij (w2, vk D),
i - 17 7 p7

Vi) =v90), w9t =w0), te[-ao0] (3.53)

From equations (3.51)—(3.53) follows that the pair of functidtis) andW(t) is a pair
of quasisolutions of the initial value problem (3.23), (3.24), (3.25). ete S(v,w) be a
pair of quasisolutions of the initial value problem (3.23), (3.24), (3.25). From inequalities
(3.50) follows that there exists a natural numisesuch thatv(t) < u(t) < w(t) and
vii(t) < zt) < w(t) for t € [-a, T]. We introduce the notatiog(t) = V1 (t) —u(t),
9=1(091,92,--.,0n). According to Lemma 3.2.1 the inequalitiggt) <0, j = 1,2,... hold
fort € [—a,T], i.e. vIct () < u(t).

Analogously the validity of inequalitiea** 3 (t) > u(t) andvk+ D (t) < z(t) < wk+ (1)
fort € [-a, T| can be proved.

Letu(t) € S(v,w) be a solution of the initial value problem (3.23), (3.24), (3.25). Con-
sider the pair of functiongu, u) that is a pair of quasisolutions of the initial value problem
(3.23), (3.24), (3.25). According to the proof given above the inequslity < u(t) <W(t)
holds fort € [—a, T]. O



Monotone-lterative Technigues 105

Remark 14. As a partial case of the proved results we obtain the monotone iterative tech-
niques for

— the initial value problem for systems of impulsive differential-difference equations
with fixed moments of impulses, whehét) =t —h, h > 0 is a constant ([69]);

— the initial value problem for systems of impulsive differential equations with fixed
moments of impulses(t) = 0);

— the initial value problem for scalar nonlinear impulsive differential-difference equa-
tions with fixed moments of impulses & 1). In this case differently than the previous
section the procedure gives us the possibility of constructing two sequences of successive
approximations (increasing and decreasing sequences);

— the initial value problem for a scalar nonlinear impulsive differential equation with
fixed moments of impulses;

— the initial value problem for differential equations as well as differential-difference
equations without impulses (scalar and n-dimensional cases) ([71], ([88], [92], [94]).

3.3. Monotone-lterative Techniques for Periodic Boundary
Value Problem for Systems of Impulsive
Differential-Difference Equations

The boundary value problems for various types of differential equations have been investi-
gated by many authors ([1], [82], [99]).

In this section we will consider a periodic boundary value problem for systems of im-
pulsive differential-difference equations with fixed moments of impulses. We will apply
the monotone-iterative technique for approximately solving of this type of problems. For
this purpose, we will define various types of pairs of quasisolutions and pairs of lower and
upper quasisolutions.

Let pointsto =0 <ty <tp <--- <tp <T =tp;1 be fixed.

Consider the periodic boundary value problem for systems of impulsive differential-
difference equations with fixed moments of impulses

X = f(t,x(t),x(t—h)) forte[0,T] t#t, (3.54)
X(ti+0)—x(t —0) =1i(x(t)), i=1,2,...,p, (3.55)
X(t) =x(0) forte[—h,0], (3.56)

X(0) =x(T), (3.57)

wherex e R", f : [to, T| x R"xR" — R", I; : R"— R", h=const> 0, T = const> 0.
According to the introduced in the previous section notation (3.24), the periodic bound-
ary value problem (3.54)—(3.57) can be written in the form

ij = fJ (t,Xj (t)7 [X(t)]pp [X(t)]Qj7Xj (t - h)? [X( - h)]Pjﬂ [X(t - h)}qj)? t 7é ti, (358)

X (t+0) —Xj (ti—0) = Iij (Xj (t—0), [X(ti —0)]pj, [X(ti —O)]qj), i=1,2,...,p, (3.59)
Xj(t) =x;(0) forte [—h,0], (3.60)



106 Snezhana G. Hristova

Xj(0)=x(T), j=12,...,n. (3.61)
Below is a list of the main definitions used in this section.

Definition 23. The pair of functionsy,w € PC([0,T],R"), Vv = (V1,V2,...,Vp), W=
(Wy,Wo,...,W,) is calleda pair of lower and upper quasisolutionsf the periodic bound-
ary value problem for the system of impulsive differential-difference equations with fixed
moments of impulses (3.54)—(3.57) if

Vi < (8 vi(1), V()] pj, [W)g, vj (t = ), [v(t = )], [w(t = )]g)), (3.62)

Wi = fwi(), (W], V)] ag, i (t = h), [wit =By, [Vt —h)]g)
fort € [0,T] t #t,

Vj(ti+0) =V (ti — 0) < Iij (vj(ti — 0), [V(ti — 0)]p;, [W(ti — 0)]q;). (3.63)

Wi(ti+0)—wj(ti—0) = Ilij(w;(ti —0),[w(ti —0)]p;, [V(ti — 0)]g),

i=1,2,...,p,
Vi (t) = Vi (0), Wi (t) = Wj(O) fort € [—h,0], (3.64)
Vj(O)ﬁVj(T), Wj(O)ZWj(T) i=12,....n (3.65)

Remark 15. It is worth mentationing that the introduced definition for a pair of lower and
upper quasisolutions is generalization of the lower and upper solutions in the scalar case

(n=1,pr=0q1=0).

Definition 24. The pair of functionsy,w € PC([0,T],R"), Vv = (v1,V2,...,Vy), W=
(Wi, Wo, ..., W) is called a pair of quasisolutionsof the periodic boundary value prob-
lem for the system of impulsive differential-difference equations with fixed moments of
impulses (3.54)—(3.57) if the relations (3.62)—(3.65) hold only for equalities.

Definition 25. The pair of functionsv,w € PC([0,T],R"), Vv = (V1,Vo,...,Vq), W=

(W1, Wo,...,W,) is calleda pair of minimal and maximal quasisolutionsf the periodic
boundary value problem for the system of impulsive differential- difference equations with
fixed moments of impulses (3.54)—(3.57) if it is a pair of quasisolutions of the same prob-
lem,v(t) <w(t) and for any other paifu,v) of quasisolutions of (3.54)—(3.57), the inequal-
itiesv(t) < p(t) < wl(t), v(t) <v(t) <w(t) hold fort € [0,T].

Remark 16. The defined above pair of minimal and maximal solution is generalization of
the minimal and maximal solutions in the scalar case-(L, p1 = g1 = 0).

Remark 17. If the pair of functionsy,w € PC(]0, T],R") is a pair of minimal and maximal
solutions, then the inequality(t) < w(t) holds. This inequality could not be true for an
arbitrary pair of quasisolutions.

Remark 18. If for all natural numberg : 1 < j < nthe equalitieg; =n—1andq; =0
hold and the paiv,w € PC([0,T],R") is a pair of quasisolutions of the problem (3.54)—
(3.57), then the functiongandw are solutions of the same problem. If the periodic bound-
ary value problem (3.54)—(3.57) has unique solutigh), then the pair of minimal and
maximal quasisolution igu, u).
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For all pairs of functions/,w € PC([0, T],R") such thatv(t) < w(t) for t € [-h,T],
we define the setS(v,w) andl;(v,w) with the help of equalities (3.33) and (3.34), where
constantais substituted by.

We will prove the validity of some results for linear scalar impulsive differential-
difference equations and inequalities.

Lemma 3.3.1. Let me PCY([—h, T],R) satisfy the inequalities

m(t) < —Mm(t) -Nm(t—h)), t#t, i=12,...,p, (3.66)
mi+0)—m(t —0) < -Lim(t), i=1,2,...,p, (3.67)
m(t) =m(0), te[—h,0], (3.68)
m(0) < m(T), (3.69)
where M and L are positive constan@G< Li <1, i=1,2,...,pand
(M+N)pt < (1-L)P, (3.70)
T=max{t 1—t:i=0,12,....p}, (3.71)
L=maxX{Li:i=12,...,p}. (3.72)

Then the inequality ift) < 0 holds forte [—h, T].

Proof. Assume the contrary, i.e. there exists a pgiat[0, T] such tham(&) > 0. Consider
the following three cases:

Casel. Letm(t) > 0,m(t) £ 0 fort € [0,T] . Then from equality (3.68) follows that
m(t) > 0 fort € [—h,T]. From inequality (3.66) we obtain the inequality(t) < O for
t #t, te[0,T]. The last inequality together with inequality (3.67) prove that function
m(t) is nonincreasing on the interv), T]. Therefore fott € [0,T] the inequality

m(0) > m(t) (3.73)

holds.
Inequalities (3.69) and (3.73) prove thaitt) = c for t € [0, T], wherec = const> 0.
From inequality (3.66) follows the validity of the inequality

0<(-M—Njc. (3.74)

The obtained contradiction proves Lemma 3.3.1 in case 1.
Case2. Let there exist a poin € [0, T] such tham(n) < 0 andm(T) > 0. We denote

inf{m(t): t e [~h,T]} = -\ <O0.

Let us consider the following three possible cases:
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Case2.1. Let there exist a poing € [—h, T] such thatm(¢) =—A. We assume that
¢e€[0,T) andg € (t, tk+1]. According to the Mean Value Theorem the following equalities
are satisfied:

m(T) —m(tp+0) = m(&0)(T —tp),

M(tp—0) —m(tp—1+0) = (&1) (tp —tp-1),

M(tic:1—0) —m(¢) =1 (&p—k) (tkr1— ), (3.75)
wherego € (tp, T), Ep—k € (G, tkt1) &i € (tp—ivtp-iz1), 1 =1,2,...,p—k—1.

From inequality (3.67) and equalities (3.75) we obtain the inequalities

m(T) — (1—Lp)m(tp) < m'(&o)T,
M(tp) — (1 —Lp-1)M(tp-1) < M (1),
M(tk11) —mM(Q) < M (Ep k)T, (3.76)

From equalities (3.76) we obtain the inequality

M(T) ~ (1 Lp)(L—Lp-1)... (1~ Liram(c)
m (&) + (11— Lp)m(&2) + (1 - Lp) (1 - Lp-1)m(&2)
-+ (1=Lp)(1—Lp-1)...(1—Ligam (Ep—k) |T
From the above inequality, inequalities (3.66), and the choice of the pdatiows the
validity of the inequality
(L-LP A< [14+(1-Lp) +(1-Lp)(A-Lp 1) +
+(1-Lp)(1—Lp-1)...(1—Lip1| (M+N)AT,
or
(1—L)P < (M+N)pr. (3.77)

Inequality (3.77) contradicts inequality (3.70).

Case2.2. Letthere exista poirtt, i=1,2,...,psuchtham(tj+0) > m(t) fort € [0, T].
Analogously to case 2.1, whege=t; + 0, we obtain a contradiction.

Case3. Let there exist a poimj € [0, T}, such thatn(n) < 0 andm(T) < 0. Therefore,
m(t) < 0 fort € [—h,0]. According to the assumptions there exists a pgiat[0, T] such
thatm(y) =0, m(t) <0 fort € [-h,y]andm(t) > O fort € (y,y+€), wheree > 0 is small
enough number. We introduce the notation

inf{m(): te[—h,y]}=-A<0.

Analogously to the proof of case 2 we obtain a contradiction that proves Lemma 3.3.1.
O
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Consider the periodic boundary value problem for the scalar linear impulsive
differential-difference equation

u'(t) +Mut) +Nut—h)) = @t), t#t, i=12,...,p, (3.78)
u(ti+0)—u(ti—0) =—Lju(t) +vi, i=12,...,p, (3.79)
u(t) =u(0), te[—h,0], (3.80)

u(0) =u(T), (3.81)

whereu € R.
We will prove an existence theorem for the periodic boundary value problem (3.78),
(3.79), (3.80), (3.81).

Lemma 3.3.2. Let the following conditions be fulfilled:

1. Functiong € C([0,T],R).

2. Functionsyw € PC([0,T], R) are lower and upper solutions of the periodic boundary
value problem(3.78)—(381), and satisfy the inequality(t) < w(t) fort € [—h,T].

3. Inequality (3.70) holds, where M and L are positive constan®s< L < 1, i =
1,2,...,p, and the constantsand L are defined by3.71)and(3.72).

Then the periodic boundary value problé@78)—(3.8] has a solution x S(v,w).

Proof. To avoid some complicated notations and in order to be able to use the previous
proofs, we will assume thai = 1, i.e. there exists only one momdntof impulse on the
interval [0, T].

Consider the scalar linear impulsive differential-difference equation (3.78), (3.79) with
initial condition x(t) = x(0) =Xo for t € [—h,0]. Denote the solution of this problem by
X(t; Xo)-

We will prove that there exists a poirg € [v(0),w(0)]such thaix(0;xg) = X(T;Xo).

Assume the contrary, i.e. for all pointg € [v(0),w(0)]and all solutions(t; xo) the
inequalityx(0;xo) # X(T; o) holds.

Casel. Letv(0) =w(0). Thenxp = v(0) =w(0). Definex(t;v(0)) =v(t). From con-
dition 2 follows thatv(0) < v(T) <w(T) <w(0)orv(0) =x(0;v(0)) =v(T) =x(T;v(0)).

Case2. Letv(0) < w(0). Therefore, the following inequalities are satisfied:

X(0;v(0)) < x(T;Vv(0)), X(0;w(0))> x(T;w(0)). (3.82)

We will prove that there exists a numb@isuch that 0< & < w(0)—v(0) and for 0<
w(0)—z < & the inequalityx(0;z) > X(T; z) holds. We assume the contrary, i.e. there exists
a sequence of numbefg,}§, 0 < w(0)—z, < % such thax™ (0;z,) < X" (T; zy).

Functionsx(" (t; z,) satisfy the equalities

t
XV(t;zy) = zn+/0f(s,x(”)(s;zn),x(”)(s—h;zn))ds, te[0,ty],

t
XV (t;z,) = Il(x(”)(t;zn))—k/0 f(s,xX"V(s;2), X" (s— h; z,))ds
tE(tl,T],
xXV(t;z) = z, te[-h0],
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wheref (t,x(t),x(t —h)) = —Mx(t) = Nx(t —h) +a(t), 11(x) = (1 — L1)X+ V1.

Therefore, there exists a subsequedgé® (t;z,)}% of the sequence of functions
{x(t;z,)}% thatis uniformly convergent on the interviath, T] and the limitx(t) satisfies
the relations

X(0) =w(0) and x(0)<x(T). (3.83)

Therefore, the functiox(t) satisfies equations (3.78), (3.79) with initial condition
X(t) =x(0) =w(0)for t € [—h,0]. Then from inequality (3.82) follows that the inequality

x(0) > x(T)

holds.
The last inequality contradicts inequality (3.83).
The obtained contradiction proves that there exists a nudkach that

0<d<w(0)—Vv(0)
and for 0< w(0)—z < d the inequality

x(0;2) > x(T; 2)

holds.
Consider the se&¥ of all numbersd and letd* = supW.
Then
0< & <w(0)—Vv(0), (3.84)
X(0;z)>x(T;z) for0<w(0)—z<d" (3.85)

From the definition of numbe¥* follows that there exists a sequence of numHersgy
such thaw(0) < z, < W(0)— &, limy .z, = W(0)— & andx™(0;z,) > x(n)(T;z,). From
the conditions of Lemma 3.3.2 follows that there exists a subsequetitgt; z, ) }§ of the
sequencgx("(t;z,)}3, that is uniformly convergent op-h, T].

Denotex*(t) = limp_.x™(t;z, ). From the definition of functionc* (t) follows that
the inequality

X*(0) < x*(T) (3.86)

holds.

Function x*(t) satisfies equations (3.78), (3.79) with the initial conditigh(t) =
x*(0) =w(0)— 6" fort € [—h,0].

We choose a sequence of numbfggg g such that

w(0)—9d" < zy <w(0), rI]im z,=w(0)—d".

For all numberz, we choose the solution€™ (t;z,) of the linear scalar impulsive
differential-difference equation (3.78), (3.79) with the initial conditid) (t;zn) = z, for
t € [—h,0] such that

XM (t;z,) > x*(t) for te[—h,0].
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From the definition of numbed* follows the validity of inequality x™ (0;z,) >
X (T;z,) for n> 1. From the conditions of Lemma 3.3.2 follows that there exists a sub-
sequencgx™(t; z, ) 1% of the sequencéx("(t; z,) }§ that is uniformly convergent on the
interval[—h, T] and the limitx(t) satisfies the relations

x(0) > x(T) and x(0)=w(0)—29", (3.87)
X(t) > x*(t) for te[—h,T]. (3.88)

Therefore, inequalities
X(T) < x(0) =w(0)— 8" =x"(0) < x*(T) (3.89)

hold.

Inequality (3.89) contradicts inequality (3.88).

The obtained contradiction proves that the linear scalar impulsive differential-difference
equation (3.78), (3.79) with initial conditiom(t;Xp) = %o for t € [—h,0] has a solution
X(t; Xo) such thak(0;x%p) = X(T; o).

We introduce the notatiog(t) = v(t) — X(t; Xo). Functiong(t) satisfies the inequalities
(3.66)-(3.69) wheren(t) = g(t). According to Lemma 3.3.1 functiog(t) is nonpositive
fort e [—h,T], i.e

V() < x(t;%o).

Similarly we can prove that(t; xg) < wf(t), i.e. X(t;Xo) € S(v,w). O

We will give an algorithm for constructing successive approximations and we will prove
the application of the monotone-iterative technique for the periodic boundary value problem
for a system of nonlinear impulsive differential-difference equations.

Theorem 3.3.1.Let the following conditions be fulfilled:

1. The pair of functions wv € PC([0,T],R"), where v= (vi,V2,...,Vy) and w=
(Wy,Wa, ..., W), is a pair of lower and upper quasisolutions of the periodic boundary value
problem(3.54),(3.55),(3.57), and yt) < w(t) fort € [—h,T].

2. Function f: [0,T] x R" x R" — R", where f= (fi,f5,...,fy) and fi(t,x,y) =
f5(t, %5, [XIp;, [Xlg;» ¥i» [Ylp;» Ylq;)» IS nondecreasing ifx], and[y]p,, nonincreasing irjxjq,
and[ylq; and for xy € S(v,w), y(t) <x(t),t € [0,T], j=1,2,...,nthe inequality

f; (t Xj(t), [X(t)]pys [X(t)]q;, X (t — ), [X(t —h)]p;, [X(t —h)]g;)
fi(tyi (1), [YOlp;, [Y()]q;, it —h), [yt —h)]p;, [y(t —h)]g))
2 *MJ( (1) =yj(t) = Nj((xj(t—h) —yj(t—h))),

holds, where NLN;, j=1,2,...,n are positive constants.

3. Functions | : R" — R", where | = (lis,li2,...,lin) and the functions;j(x) =
lij (X, [X]p; [X]g;) are nondecreasing ifx]p;, nonincreasmg inx]g; and for xy € [j(v,w),
y < x the inequalities

lij (Xj, [X]py» Xl ) = 1ij (Vs [Y)pys Yla) = —Lij (X —Yj), 1=1,2,...,p,

hold, where |, i=1,2,...,n, j=1,2,...p are positive constants;jL< 1.
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4. The inequalities

(Mj+Nj)pt< (1-1j)P,
Iy =max{L;;: i=1,2,...,p} (3.90)

hold, and the constarttis defined by the equality.71).

Therefore, there exist two sequences of functisfg(t)}5 and {w (t)}& such that:

a/ The sequences are increasing and decreasing respectively;

b/ The pair of functions ¥ (t), w¥)(t) is a pair of lower and upper quasisolutions
of the periodic boundary value problem for the system of nonlinear impulsive differential-
difference equation&3.54),(3.55),(3.57);

c/ Both sequences are convergent e, T|;

d/ The limits (t) = |lirrgov“‘) (t), W(t) = Ilirrgow(k(t) form a pair of minimal and maximal
solutions of the periodic boundary value problem for the system of nonlinear impulsive
differential-difference equation8.54), (3.55),(3.57);

e/ If u(t) € §(v,w) is a solution of the periodic boundary value problem for the system
of nonlinear impulsive differential-difference equatiof#54), (3.55),(3.57), then \(t) <
u(t) <W(t).

Proof. We fix two arbitrary functions), p € S(v,w) and for all natural numbers: 1< j<n
we consider the periodic boundary value problem for the scalar linear impulsive differential-
difference equation

u'(t) +Mju(t) + Nju(t —h)) = @j(t,n,p) fort € [0,T] t#t, (3.91)
u(ti+0)—u(ti —0) = —Ljju(t) +vij(n, 1), i=21,2,...,p, (3.92)
u(t)=u(0), te[-h,0], (3.93)

u(0) =u(T), (3.94)

whereu € R,

witn, 0 = fit,n;(), (O], [E)]g;, N (E =), [n(t— )]pj’[u(t_h)]fh)
+Mjn;j(t) +Njn;(t—h),j=1,2,.

vij(n, 1) = lij(nj(t), [n(t)]p;, [Mti)]g;) +Lijn; (4)-

According to Lemma 3.3.2 and Lemma 3.3.1 the periodic boundary value problem
(3.91)—(3.94) has unique solution for the fixed pair of functiong € S(v,w).

For every two functions), p € S(v,w) such thatn(t) < p(t) for t € [-h,T], we de-
fine the operato : S(v,w) x S(v,w) — S(v,w) by the equalityQ(n,n) = x(t), where
X(t) = (Xa(t),%2(t),...,%(t)) and x;(t) is the unique solution of the periodic boundary
value problem for scalar impulsive equation (3.91)—(3.94) for the pair of functipps.
According to Lemma 3.2.2 the inequalities< Q(v,w) andw > Q(w, v) hold.

Letn,pe S(v w) be arbitrary functions such thgtt) < p(t) for t € [—h, T]. Inroduce
the notations<™ = Q(n, u), x? = Q(u,n), andg = x —x?, whereg = (91,92, - .., gn).
According to Lemma 3.3.1 the functiong(t) are nonpositive, i.eQ(n, u) < Q(u,n).
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Define the sequences of functiopg®) (t) 1% and{w¥(t)}% by the equalities

VO =y, WO =w,
V(kJrl) — Q(V(k),W(k)), W(k+l) — Q(W(k)?v(k))7 k > 0.
Functionsv® (t) andw®(t), (k=0,1,2,...) fort € [~h, T] satisfy the inequalities
vOt) <viW(t) < <Vl <wM(r) < - <wt) <w@q). (3.95)

Both sequences of functions/(t)}y and {wK(t)}% are convergent on the inter-
val [—h,T]. We will prove that their limitsV(t) andW(t) form a pair of minimal and
maximal quasisolutions of the periodic boundary value problem (3.54), (3.55), (3.57).
From the definition of functions® (t) andw®)(t), wherev¥ = (v} v ... vi¥), and
wik) = (w(lk),w(zk), .. ,wﬁk)), follows that these functions satisfy the periodic boundary value
problems { =1,2,...,n)

V) + M (1) + N (£ = hy) = gy 2, kD, wlk Dy, (3.96)

k k k _ _
(W 0))+ MW (8) + Nwi¥ (£ — ) = wy (t w Y, v D)

fort € [0,T] t #t,

9t —0) = —Lijv (t) + i (v, WD), (3.97)

i=1,2,...,p,

k k k k

WO =v0), w9t =w0), te[-hoa] (3.98)
W) =v(m), w0 =wm). (3.99)

Consider equalities (3.96)—(3.99) kis— « and denotd/j(t) = Iimk_,mvgk) (t), Wi(t) =

Iimkﬂmwgk)(t). We define the function¥ (t) andW(t), whereV = (V4,V,,...,V,) and

W = (Wi,W,,...,W,). The pair of functiond/(t) andW(t) is a pair of quasisolutions of

the periodic boundary value problem (3.54), (3.55), (3.57). wetc S(v,w) be a pair of
guasisolutions of the periodic boundary value problem (3.54), (3.55), (3.57). From inequal-
ities (3.95) follows that there exists a natural numkeuch thaw (t) < u(t) <w®(t) and
vi(t) <z(t) <w®(t) fort € [-h, T]. We introduce the notatiog(t) = V<"1 (t) —u(t),g =
(01,92, ---,0n). According to Lemma 3.2.1 the inequalitigg(t) < 0 hold fort € [—h, T],

i.e. vk (t) < ().

Similarly to the above proofs, we prove the inequalitié$™™) (t) > u(t) andvictD(t) <
z(t) < wk+b(t) for t € [~h,T]. Therefore, the pair of functioné(t) andW(t) is a pair
of minimal and maximal solutions of the periodic boundary value problem (3.54), (3.55),
(3.57).

Letu(t) € S(v,w) be a solution of the periodic boundary value problem (3.54), (3.55),
(3.57). Consider the pair of functior{si, u) that is a pair of quasisolutions of the periodic
boundary value problem (3.54), (3.55), (3.57). Therefore, the inequalliigs< u(t) <
W(t) hold fort € [—h,T]. O
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As a partial case of the obtained in this section results we obtain results for the periodic
boundary value problem for different types of equations such as:

— systems of impulsive differential equations with fixed moments of impulses ([13],
[72);

— scalar impulsive differential-difference equations with fixed moments of impulses
(193D);

— differential-difference equations without impulses (scalar and n-dimensional case)
([88] and cited therein bibliography).



Chapter 4

Method of Quasilinearization for
Impulsive Differential Equations

The method of quasilinearization is a practically useful method for obtaining approximate
solutions of nonlinear problems. The origin of this method lies in the theory of dynamic
programming [20]. The quasilinearization method is a Taylor series numerical method in
which the truncation is chosen so that the convergence of the iterates is quadratic. Many
authors have applied this method to finding approximate solutions of different types of first
and second order ordinary differential equations ([34], [91], [101], [112], [118]). For scalar
impulsive differential equations some results are obtained in [42], [43]. In this chapter the
quasilinearization method have been employed on different problems for impulsive differ-
ential equations.

Part of the results presented in this chapter are published in [6], [7], [8], [10], [52], [53],
[76], [78].

Let pointst, € (0,T) be fixed such thai 1 > t, k=1,2,...,p,to=0,tp;1 =T.

4.1. Method of Quasilinearization for the Initial Value Problem

for Systems of Impulsive Differential Equations

Consider the initial value problem for the system of nonlinear impulsive differential equa-
tions

X =F(t,x(t)) for te[0,T], t#t, 4.1)
X(tk+0) = Gk(x(tk)), k=1,2,...,p, (4.2)
X(0) =xo, (4.3)

wherexe R", F : [0,T] xR" = R", Gx: R" — R",(k=1,2,...,p). We will assume that
F(t,x) = f(t,x) +9(t,x) andGy(x) = Ix(X) + k(X),k=1,2,...,p, where the properties of
the functionsf, g, lx andJk will be given later.

LetX= (X1,X2,...,%n). Then||x||=max{|xi|, |x2|,..., [}
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Definition 26. Functionsa (t),B(t) € PC'([0,T],R") are calleda mixed couple of lower
and upper solutionsf the initial value problem for the system of nonlinear impulsive dif-
ferential equations (4.1), (4.2), (4.3) if the following inequalities are satisfied:

o'(t) < f(t,a(t) +g(t, B(t)),
B'(t) > f(t,B(t))+g(t,a(t)) for te[0,T],tH#t, (4.4)

0(tc+0) < lk(a(te)) + I(B(te))

B(tk+0) > Ik(B(tk)) + I(a(t)), (4.5)
a(0) < xo < B(0). (4.6)

Definition 27. Functionsu(t), B(t) € PCL(]0,T],R") are calleda mixed couple of solutions
of the initial value problem for the system of nonlinear impulsive differential equations
(4.1), (4.2), (4.3) if the relations (4.4) - (4.6) are fulfilled only for equalities.

Let functionsa, B € PC([0,T]),R") be such thati(t) < B(t).
Consider the sets:

S(a,B) = {ue PC([0,T],RN) : a(t) <u(t) <B(t),t e [0,T]}, 4.7)
Q(a,B) ={(t,x) € [0,T] xRN : a(t) <x<B(t)}, (4.8)
Fi(a,B) = {xe RN, a(t) <x<B()}, i=1,2...,p. (4.9)

We will say that functiorF : [0,T] x RN — RN, F = (Fy,F,...,Ry) satisfies the con-
ditions (H) if there exists a natural number: 1 < m < N such that:

(H1) FunctionsF(t,x),i = 1,2,...,mare nondecreasing i and nonincreasing ix;
wherel =12,... mI#i,j=m+1m+2 ... N.

(H2) FunctionsFj(t,x),j = m+41,m+2,...,N are nonincreasing iR and nondecreas-
inginx wherei=21.2 ... m, | =m+1m+2 ... NI #j.

We will use the following result for ordinary differential inequalities:

Lemma 4.1.1. Assume that
1. Function F € C([0,T] x RN,RN),F = (Fy,F,...,Fy) and satisfies the conditions

(H).
2. Function ue C1([0,T],RN) and

W(1) < R(tu(t), u(t) > Ftu(t), u(0)<0<uj(0)

wherei=1,2,....m, j=m+1m+2,...N.
Then y(t) <Oand y(t) >0, i=1,2....m,j=m+1m+2,...Nforte [0,T].

In the proof of the main results we will use the following result for impulsive differential
inequalities.
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Lemma 4.1.2. Let the following conditions be fulfilled:
1. Function F< PC(]0,T] x RN, RN) and conditiongH) are satisfied.
2. Functions k : RN — RN, Iy = (lkg, lia, - -, Ikn), k= 1,2,...,r and for x <0, x; >
0, i=1,2,....m, j=m+1,m+2, ... N theinequalitiesi(x) < 0and k;j(x) > 0 hold.
3. Function ue PCY([0,T],RN) and

ui(t) <F(t,u(t)), uj(t) >Fj(t,u(t)) for t €[0,T],t #tx (4.10)
Ui (tc+0) < lii(u(ty)), Uj(tk+0) > ij(u(tk)), k=1,2,...,p, (4.11)
u(0) <0, uj(0)>0. (4.12)

Theny(t) <0,andy(t) >0, i=1,2,....m, j=m+1m+2,...Nforte[0,T].

Proof. Lett € [0,t3). According to Lemma 4.1.1 from condition 1 and inequalities (4.10),
(4.12) we conclude that;(t) < 0 anduj(t) >0fori=1,2,....m, j=m+1m+2,...N

and fort € [0,t;]. From the inequality (4.11) and the condition 2 of Lemma 4.1.2 we obtain
that

Ui(ty+0) <ly(u(ty)) <0, and uj (t1+0)) > |1j(u(t1)) > 0. (4.13)

From Lemma 4.1.1 and inequalities (4.10), (4.13) we obtain the inequalities< 0
anduj(t) >0fori=1,2,...m, j=m+1m+2,...Nand fort € (t,t]. By the help
with the method of mathematical induction we obtain that the conclusion of Lemma 4.1.2
is true. O

In the case whem= N as a corollary of Lemma 4.1.2 we obtain the following result.

Lemma 4.1.3. Let the following conditions be fulfilled:
1. Function F PC([0,T] x RN,RN) and it is quasimonotone nondecreasing in x.
2. Functions k : RN - RN k=1.2,.... pand k(x) <0forx<O0.
3. Function ue PCY([0, T],RN) satisfies the inequalities

u(t) <F(t,u) for te[0,T]t#t,
u(tk+0) < Ix(u(ty)),
u(0)<o.

Then uf) <O0fort € [0, T].
Furthermore, we will use the following form of the Mean Value Theorem.

Lemma 4.1.4 ([92]). Let function F€ C1(D,R"), where DC R" is a convex set.
Then

FO)—F) = ([ FOwr (- Ny)an) x-y)
Lemma4.1.5 ([17]). Let ue PC([tp, ), R") and

u'(t) < Au(t)+ f(t) for t >tg, t#£t,
u(tk+0) < Byu(tk) + f,
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where fe PC([to,),R"), A= (aj) € R™", By = (bf) € R™M, &; > 0,bf > 0,1 <i <
nil<j<n fkeR"fi>0k=12...p.
Then for t> ty we obtain

u(t) SW(L Ut + [ WL T(9dst S WLt 0)fi,

to to<tfk<t
where Wt,s) = X9 ;... (E +Bj), E is the(n x n)-identity matrix.

We apply the method of quasilinearization for approximate solving of the initial value
problem (4.1), (4.2), (4.3) in the case when there exists a mixed couple of lower and upper
solutions. One of the main condition is the monotonicity of the right parts. Two different
cases are considered.

Theorem 4.1.1.Let the following conditions be fulfilled:

1. Functionsag, Bo € PCY([0,T],R") are a mixed couple of upper and lower solutions
of the initial value probleni{4.1),(4.2), (4.3), andop(t) < Bo(t) fort € [0, T].

2. Functions fge C([0,T] x R",R") and the derivativesft,X),0x(t, x) exist and they
are continuous orf2(0,Bo), fx(t,X) is nondecreasing in x ,xft,X) is nonincreasing in x
fort € [0,T] and

fX(t7X)_ fX(t7y) < L(l)HX_va gX<t7X)_gX(t7y) < L(Z)HX_yH

where LY, L2 are constant matrices with positive elements.

3. The derivatives [{x),J(x),(k = 1,2,...,p) exist and they are continuous on
M(ao,Bo), the derivatives}l(x) are nondecreasing, {x) are nonincreasing,;(x) > 0 >
Ji(x), and

1 2
09 = 1) <M x =11, H00 = F(y) < MZIx=yl|

for x,y € Mk(ao, Bo), where l\/il), Mﬁz) are constant matrices with positive elements.

4. For eachn € S0, Bo) the function £(t,n)x is nondecreasing in x and@,n)x is
nonincreasing in Xx.

Then there exist two sequendes,(t) } and{Bn(t) }5 such that

a/ The sequences are monotone increasing and monotone decreasing, respectively;

b/ Functionsuy(t), Bn(t) form a mixed couple of upper and lower solutions of the initial
value problem(4.1),(4.2),(4.3);

¢/ Both sequences converge uniformly to the unique solution of the initial value problem
(4.1),(4.2),(4.3)in (0o, Po) fort € (tx,tkr1], k=0,1,2,...,p,10=0,tp41 =T,

d/ The convergence is quadratic, i.e. there exist constgnts0,i = 1,2,3,4 such that

[11%() = ana(®)1] < AdllIX(t) = atn(t)][1* Azl |Ba(t) —x(t)] ]|

and
[11Bna(t) =X ()] < Al [[X(t) — otn(t)[[|>+ Aal[|Bn(t) —x(t)]][%,

wherel[[ul[| = sup{||ut)||:t € [0,T]}.



Method of Quasilinearization 119

Proof. Consider the initial value problem for the following system of linear impulsive dif-
ferential equations

X = f(t,a0)+ fx(t,a0)(x—00) +g(t, o) + 9x(t,ao) (y— Bo),
y = f(t,Bo)+ fx(t,q0)(y—Bo) +9(t, ao) + gx(t, 0o) (X— o),

for t € [0,T],t #t, (4.14)
X(tc+0) = I(ao(t)) +lk(ao(ti)) (X(tk) — ato(ti)) + J(Bo(t))
+Ju'<(0(o(tk))( (t) —Bo(t)),
Y(tc+0) = I(Bo(t)) + k(to(ti)) (¥(ti) — Bo(ti) + Je(clo(ti))
+‘]|/<(G0(tk))(x(tk) _GO(tk))7 k=12,..., p, (415)
X(0) =% = ¥/(0). (4.16)

The initial value problem for the system of linear impulsive differential equations (4.14),
(4.15), (4.16) has a unique solution(t), B41(t) fort € [0, T].

We will prove thato s, B1 € S(0o, Bo). Setp=ap—ay andq= Bo— 1. Then according
to the choice of the functiorns, (t) andp(t) we obtain that

p'(t)=ap—af < f(t,a0) +9(t,Bo)
[ t, o) + fx(t, ao) (01 — 0o) +9(t, Bo) + 9x(t, 0o) (B1 — Bo)]
0)P+0x(t,00)q for te[0,T],t#t,
(t,a0)q+gx(t, 00) p,
= (tk-i-O) a1 (tk+0) < Ix(oo(tk)) + Ik (Po(tk))
k) — lk(ao(tk)) P(tk) + Ik(Bo(tk)) — J(Bo(tk))a(t)]
= Ii(0o(t)) P(tk) + (Ao (te))a(tk),
A(tc+0) > lg(ao(tk))d(tk) + I (ao(t)) p(t),
p(0) <0<q(0).

According to Lemma 4.1.2 fdd = 2nandm=nwe havep(t) <0 andq(t) > 0fort € [0,T]
which implies thaiig(t) < a;(t) andBo(t) > Ba(t) fort € [0,T].

Consider functiorp(t) = a1 (t) — Ba(t),t € [0,T]. From (4.16) follows thap(0) =
According to condition 2 of Theorem 4.1.1 and Lemma 4.1.4 we obtainddd, T],t # ty,
that

(

fx(t, o
> fy
p(t+0)
—[Ik(a
(a
)

\_/

o(t
o(t
I

>
0<

P = f(t,00)+ fx(t,00) (a1 —ag) +9(t, Bo) + 9x(t,a0) (B — Bo)
—[f(t,Bo) + fx(t,00) (B1— Bo) +9(t, o) + gx(t, o) (011 — Ao)]

= ([ tt.aoh+ (1- Moy ) (a0 Bo)

1
([ ot Bor+ (1= Nto)dh) (Bo — i)
+fx(t, do) (01 — Ao — Ba + Bo) + Gx(t, 00) (B — Bo — A1 + o)
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< fx(t,00) (0o — Bo) + 9x(t, o) (Bo — 0to) + fx(t, 0to) (P — 0o+ Bo)
+0x(t,a0) (a0 —Bo — P)

= [fx(t,00) — Ox(t, 00)]p. (4.17)
According to condition 3 of Theorem 4.1.1 and Lemma 4.1.4 we obtain
Ptk+0) = lk(0o(t)) —Ik(Bo(tk)) +Ik(Bo(tk)) — Jk(ao(tk))

+li(0o(tk) ) [P(tk) — o (tk) + Bo(tk)]
+Jk (0o (tk) [ao(tk) — Bo(tk) — P(tk)]

< [Il/((ao(tk)) _JII((GO(tk))] p(tk)’ k=1,2,...,p. (4.18)

According to Lemma 4.1.3 from inequalities (4.17), (4.18) follows that funcpé) is
nonpositive in[0, T], i.e. a1 (t) < Bi(t). Thereforens,B1 € Sao, Bo).

We will prove that the couple of functionas(t),B1(t) is a mixed couple of lower
and upper solutions of the initial value problem (4.1), (4.2), (4.3). Indeed, from Lemma
4.1.4 and the monotonicity of the derivatives of functiohd,x),g(t,x) we obtain for

te [OvTLt 7étk

a) = f(t,o0)+gt,B)+[f(t,a0) — f(t,aq)]
+[9(t,Bo) —a(t, B1)] + fx(t,a0) (a1 — o) + gx(t, o) (B1 — Bo)

1
— f(t,a1)+g(t,[31)+(/0 fu(t, Acto+ (1~ A)ja)dh ) (o — a1y

1
+( [ ot Ao+ (1-A)B2)N ) (Bo—Ba)
+fx(t, o) (011 — 0tg) + Gx(t, o) (B1 — Bo)
f(t,ar)+9(t,Br) + [Ox(t, B1) — Ox(t, 00)] (Bo— B1)
f(taal) +g(t7 Bl)7

IN A

f(t7 Bl) +g(t>al) + [f(t7 BO) - f(t7 Bl)]
+[9(t,a0) —g(t,a1)] + fx(t,00) (B1 — Bo) + 9x(t, 0o) (011 — 0lo)
> f(t,B1) +9(t, aa). (4.19)

Analogously we can prove that

a1(tk+0) = I(a1(te)) + [I(do(t)) — k(a1 (t))]
+k(B1(t)) + [K(Bo(tk)) — I (Ba(t))]

+li(@o(t)) [o1(tk) — oo (ti)] + J(0o(ti) [P (tk) — Bo(tk)]
k(01 (t)) + Ik (Ba(t)),

ﬁl(tk-l-O) > |k([31(tk))+~]k(al(tk))‘ (4.20)

From inequalities (4.19), (4.20) and equality (4.16) we conclude that functigts, B1(t)
form a mixed couple of lower and upper solutions of the initial value problem (4.1), (4.2),
(4.3).

By

IN
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Consider the initial value problem (4.14), (4.15), (4.16), where functiog@) and
Bo(t) are replaced by functiors; (t) ands1(t). This initial value problem has a unique
solution ay(t),B2(t). Analogously to the above proofs, we can prove thatt) <
Ba(t), o2,B2 € S(ay,Ba).

Following the above procedure, we can construct functiaps:(t), Bnta(t), N =
1,2,... such that they are solutions of the initial value problem for the system of linear

impulsive differential equations
X = f(t,an)+ fx(t,0n) (X—0n) +9(t, Bn) + gk(t, an) (Y —Bn),
Yy = f(t,Bn)+ fx(t,0n)(y—Bn) +9(t, an) + gu(t, on) (X—ap),

for t € [0,T],t #ty, (4.21)
X(t+0) = lk(an(tk)) + li(an(tk)) (X(tk) — n(tk)) + K (Bn(tk))
+J(an(te)) (Y(tk) — Bn(tk)), (4.22)
Y(t+0) = Ik(Bn(tk)) + lk(0n(tk) ) ((tk) — Br(tk)) + Ik (an(tk))
+ 3 (an(tk) ) (X(t) — n(t)),
x(0) =% =Y(0). (4.23)

Assume thatiy, Bn € S(an_1,Bn-1), andan(t) < Bn(t). Define the functionp(t) =
On(t) —apsa(t) andq(t) = Bn(t) — Pnra(t) fort € [0,T]. From Lemma 4.1.4 and the
monotonicity of the derivatives of the functiorigt,x),g(t, x), Ix(x),J(x) we obtain that

p(t) = f(t,ana)—f(t,an)+9g(t,Bn-1)—9g(t,Pn)

+ fx(t, on—1)(An — 0tn—1) — fx(t, 0tn) (Ang-2 — Otn)
+0x(t,an-1) (Bn— Bn-1) — Ix(t, 0n) (Bnr1—Bn)
fy(t,an_1)(dn-1—0an) +Ox(t, Bn-1) (Bn-1—Bn)
+fx(t, 0n-1)(an — 0n_1) + Ox(t, 0n-1) (Bn — Bn-1)
+fx(t,an) p+ox(t,an)q

< f(t,on)p+0x(t,an)a,

o (t) > ogu(t,an)p+ fx(t,an)q for t#t,te[0,T], (4.24)

IN

Pt+0) < 1k(cn(t))Pt) + J(0in(t))a ),
A(tc+0) > Je(an(tic)) p(t) + lic(on(t) )a(ti), (4.25)
p(O) :q(O) =0. (4.26)

The relations (4.24), (4.25), (4.26) and Lemma 4.1.2 yield gi{gf < 0 andq(t) > 0
on [0,T], i.e. anp(t) < dapya(t) andPn(t) > Bora(t). We setp(t) = apga(t) — Brsa(t) for
t € [0,T] and we get

p/(t) = f(t7an)_f(t’Bn)—l_fX<t7an)(p_an+Bn)
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+9(t,Bn) —g(t, 0n) +gk(t,an) (0n —Bn — P)
fx(t,0n) (0n — Bn) — Ox(t, an) p
+fx(t, an)p— fx(t, 0n) (0 — Bn)
+0x(t,an) (Bn — 0n) +gx(t,an) (an — Bn)
= [f(t,an) —gk(t,an)]p,
Pt+0) < [li(an(tk)) — J(an(t))]p(t),
p(0) = 0.

Using Lemma 4.1.3, we find that{0) <0 on[0,T]. Thereforepn1(t) < Bn+1(t) and
Ony1, Bt € S0, Bn).

From the properties of the derivatives of functioh@,x),g(t,x) and Lemma 4.1.4 we
obtain that fort € [0,T],t # t the following inequalities

IN

Onpg = f(t,anga) +9(t Brra) +[f(t,an) — f(t,0n1)]
+19(t, Bn) —9(t, Bnra)] + fx(t, &n) (Any1—0n)
+0x(t, on) (Bny1—Bn)

< f<t7an+l)+g(t7[3n+l)7 (427)

Bri1 = f(t,Bny1) +9(t,ans)
hold.
Analogously, we can prove that

Ony1(tk+0) < le(Ans1(tc)) + Kk(Bns1(ti),

Brs1(tk+0) > lk(Bnta(t)) + I (atnra(te)). (4.28)

Inequalities (4.27) and (4.28) imply that the couple of functiong(t), Bns1(t) form
a mixed couple of lower and upper solutions of the initial value problem (4.1), (4.2), (4.3).
Therefore the inequalities

Op<ap <---<ap<PBp<---<B1<Po (4.29)

hold.
The sequencex,(t) }g and{Bx(t) }g are uniformly bounded and equi - continuous on
intervals(ty, tx+1),k=0,1,2,...,p. Both sequences are uniformly convergent. We denote

lim an(t) = u(t), lim Ba(t) = v(t).

n—oo n—oo

From the uniform convergence and the definition of functiap&) andp,(t) it follows
the validity of the inequalities

dolt) < u(t) < v(t) < Bolt): (4.30)

From the definition of functioru(t) andv(t), and equalities (4.21), (4.22), and (4.23)
follows that functionau(t), v(t) form a mixed couple of solutions of the initial value problem



Method of Quasilinearization 123

(4.1), (4.2), (4.3). Since functionfs g, Iy andJk are Lipschitz inQ(ao,Bo) andlk(ao, Bo)
correspondingly, one can employ unigueness of solutions of initial value problems to argue
that if x is the unique solution of the initial value problem (4.1), (4.2), (4.3) in the set
S(0o,Bo), thenu=v=x.

We will prove that the convergence is quadratic.

Define functiong,(t) = X(t) — an(t) andgn(t) = Bn(t) — x(t), t €[0,T],n=0,1,2,....
According to the above progb,(0) = gn(0) = 0,pn(t) > 0,gs(t) > 0 fort € [0,T],n =
0,1,2,....

From the properties of function$(t,x),g(t,x) and Lemma 4.1.4 we obtain fdore
[0,T],t # ty, that

Praa(t) = f(t,x)— f(t,an) +9(t,x)—g(t,Bn) — fx(t,an) (An+1—0n)
—0x(t,0n) (Bn+1—Bn)

fx(t, 0n) Pny1 — Ox(t, 0n) Oy 1 + [ fx(t, X) — fx(t, an)] pn
+[9x(t, otn) — 9x(t, Bn)]n

Q pn+1‘|‘Q Qn+1‘|‘|— anan‘f‘L Qn||an—BnH (4.31)

where Q1) = ( ) aféxtjx < Q) ’69. W9 < Qff for (t,x) € Q(ao,Bo), i, =
1,2,...n,1=1,2.
We note that

IN

[1an—Bnl| < [[Pnl| + |Gnl|
and
L® by < 11l [pal |, L@ 0 < I2f|anl

wherelj = (ljg,lj2,...,1jn),j = 1,2 andl} = max{Li(rL) :1<m<n}.
Therefore, fot € [0,T],t # tx we obtain from (4.31) the inequality

2
|

Pra(t) < QY pnra(t) + QP ania(t) + 11l [Pl [+ 12l |Gl [* + 12/ ol |- lanl]. ~ (4.32)

Similarly, we obtain that fot € [0,T],t # tk
Ghea(t) = f(t,Bn) = F(t,X)+9(t,an) —g(t,x)

+fx(t,00) (Bns1 — Bn) +0x(t, 0 )(Gn+1 Op)
< fx(t, 0n)Gnr1 — Gx(t, an) Prs 1+ LV G| [Gn + o] | + L2 pn| [ Pl |

< QWan1a(t) + QP prya(t) +1a (|- |[cn + Pal| + 2] ol % (4.33)
We note that from the inequaligh < (a +b?) /2 it follows
2 3 2, 1 2
16 1- 10+ Pal | < [[0n[* + [l [-I[Pnl] < S 16l "+ 5[ Pl [

Therefore, fot € [0,T],t # tx from inequalities(4.31), (4.32), (4.33), we obtain that

1 3
Prea(t) < QWpnia(t) + QP ensa(t) + (I + 512)[[Pnl 2+ 5/2//an| &
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1) £ QW anea(®) + QD pnca(®) +Shallonl+ Gla + ) gl (439
We can write the differential inequalities (4.34) in a vector form
€hi1(t) < Q&nia(t) +Nn(t), te[0T|t#1Y, (4.35)
where
con-(380) o (% 8
R (i

Analogously it can be proved that there exist matriégs andBypn, (k=1,2,...,p)
with nonnegative elements, such that the inequalities

E.n-i-l(tk + O) < Ak,nzn-i-l(tk) + Bk7n (4-36)

hold.
From inequalities (4.35), (4.36), and equal®y;1(0) = 0 according to Lemma 4.1.5
follows that .
Ena() < [ Vh(GNa(MAN+  Walti B (4.37)
0 o<ty<t
whereWs (t;s) = €29 Mg (E+Ajn) < e[ (E+Ajn).
Inequality (4.37) implies that there exist constakts> 0,i = 1,2,3,4 such that

\Hpn+1H\SM!HDn!HzH\z!an!HZ (4-38)
and
116/l < Aa ] Pall[?+Aal [l |17, (4.39)
wherel|[ul[| = sup{|[ut)[[:t € [0, T]}.
Inequalities (4.38) and (4.39) imply that the convergence is quadratic. O

In the case, when the derivatives of the functidiis x) andg(t, x) are nonincreasing
and nondecreasing, respectively, the following result is valid.

Theorem 4.1.2.Let the following conditions be fulfilled:

1. Functionsag, B € PC1(]0, T],R") form a mixed couple of lower and upper solutions
of the initial value probleni{4.1),(4.2), (4.3)andag(t) < Bo(t) fort € [0, T].

2. Functions fge C([0,T] x R",R") and the derivativesyft,X),gx(t, X) exist and they
are continuous or2(0p,Bo), fx(t,X) is nonincreasing in x , gt, X) is nondecreasing in x
fort € [0,T] and

fX(t7X)_ fX(t)y) < L(l)HX_yH) gX<t7X)_gX(t7y) < L(2)||X_y||

where LY, L are constant matrices with positive elements.
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3. Derivatives [(x),J(x), (k= 1,2,...,p) exist and they are continuous on the
setslk(ao, Bo), derivatives }(x) are nonincreasing, derivativeg () are nondecreasing,
I (x) > 02> J(x),and

IL(x) — 1 (y) < M<1>||x—y||, H0) = 3(y) < MP[|x—y|

for x,y € M'k(ao, Bo), where I\/il ) are constant matrices with positive elements.

4. For eachn € S(ap, Bo) the functlon £(t,n)x is nondecreasing in x and the function
O(t,n, x) =0gx(t,n)x is nonincreasing in x.

Then there exist two sequendes,(t) } and{Bn(t) }5 such that

a/ The sequences are monotone increasing and monotone decreasing, respectively;

b/ The functionsxy(t), Bn(t) form a mixed couple of upper and lower solutions of the
initial value problem(4.1),(4.2),(4.3);

¢/ Both sequences converge uniformly to the unique solution of the initial value problem
(4.1),(4.2),(4.3)in S(ag,Bo) fort € (t,tkr1), k=0,1,2,...,p,t0=0,tp11 =T,

d/ The convergence is quadratic, i.e. there exist constgnts0,i = 1,2,3,4 such that

[11X(t) = atnsa ()] < Al |[x(t) = an(t) ][>+ Azl [ IBa(t) —x(0)]]]?
and

[11Bns1(t) =X (®)[[] < As[[X(t) = ctn(t)|||?+Aal[[Ba(t) = x(®)][|?,
where||[ul|[ = sup{[|ut)]|: t € [0, T]}.
Proof. Foreacm=0,1,2,... we consider the following initial value problem for the linear
impulsive differential equations
X' = f(t,0n) + fu(t,Bn) (X—0tn) +9(t, Bn) + 9x(t, Bn) (Y — Bn)
y = f(t,Bn)+ fx(t,Bn)(y—Bn) +9(t, an) + gx(t, Bn) (X—an),
fort #ty, (4.40)

X(t+0) = Ik(an(tk)) +1i(Bn(te)) (X(t) — an(tk))
+J(Bn(ti)) + J(Bn(ti)) (Y(t) — Bn

Y(t+0) = lk(Bn(te)) +1k(Bn(te)) (Y(t) — Btk
+J(an(te)) + J(Bn(ti)) (X (t) — an(tk)),

k=1,2,...,p, (4.41)
X(0) =x0 =Y(0). (4.42)
The rest part of the proof is analogous to the proof of Theorem 4.1.1. O

Remark 19. We note that in the scalar cabe= 1, the obtained results concern to the
initial value problem for scalar impulsive differential equations ([120]). On the other side,
the obtained results are different from the results in [38] and the conditions in Theorem
4.1.1 and Theorem 4.1.2 are more practically useful.

Remark 20. Presenting the right parts of the impulsive differential equations as sums of
two functions, which derivatives are increasing or decreasing, gives us the possibilities of
application of quasilinearization to wider class of impulsive differential equations.
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4.2. Method of Quasilinearization for a Linear Boundary Value
Problem for Scalar Impulsive Differential Equations

In this section impulsive differential equations with a linear two point boundary condition
are studied. An existence theorem is proved. An algorithm, based on the method of quasi-
linearization, for constructing successive approximations of the solution of the considered
problem is given. The quadratic convergence of the iterates is proved.

Consider the system of the nonlinear impulsive differential equation

X = f(t,x(t)) for te[0,T], t#t, (4.43)
X(tc+0) = I(X(t)), k=1,2,....p (4.44)
with the linear boundary value condition
Mx(0) — NX(T) =c, (4.45)
wherexe R, f: [0,T]xR—R,Ix:R—R,(k=1,2,...,p),c,M,N are constants.

Definition 28. The functiona(t) € PCY([0,T],R) is called a lower (upper) solution of the
boundary value problem (4.43), (4.44), (4.45), if the inequalities

a'(t) < (>) f(t,a(t)) for te[0,T|,t#t, (4.46)
a(tk+0) < (>) Ik(a(tk)), k=1,2,...,p, (4.47)
Ma(0)—Na(T) < (>)c (4.48)

hold.

Let functionsa, B € PC([0,T],R) be such thati(t) < B(t).
Consider the linear boundary value problem for the linear impulsive differential equa-
tions

u'(t) =g(t)u(t) +o(t), t € [0,T], t #t, (4.49)
u(ty+0) =byu(ty) + vk, k=1,2,...,p, (4.50)
Mu(0) —Nu(T) = 0. (4.51)

Using the results for the initial value problem for the linear impulsive differential equa-
tions (corollary 1.6.1 [89]), we could prove that the boundary value problem (4.49), (4.50),
(4.51) has an unique solution.

Lemma 4.2.1. Let functions gg € PC([0,T],R) and M,N, by, vk, (k=1,2,...p) be con-
stants such that (\{'h‘f:lbk)exp(foT g(s)ds) £M.
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Then the boundary value problei#.49), (4.50),(4.51)has an unique solution(t)) on
[0,T], where

ut) = b,)exp(/g 1)d1)

0<tk<t

+ > % b; exp(/
<tj<t

o<ty<t k j

+/0 o(s) S<|t_|<tbk)eX|c(/S g(1)d1)ds,

We will use the following result for impulsive differential inequalities:

Lemma 4.2.2 (Theorem 1.4.1 [89]) Let function me PC([0,), R) and let the inequali-
ties be satisfied

m(t) < pt)m@) +q(t), t>0, t#t,
m(tx+0) < dum(ty) + by, k=1,2,...,

where @, by (k=1,2,...,p) are constants,g> 0, p,q € C([0,»),R).
Then the inequality
exp(/
0<tk<t

n.%)
i 0<tzk<t <ITJI <t & F(/

mt) <

hold fort > 0.

The following comparisons result will be used in the proof of the main result in this
section.
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Lemma 4.2.3. Let function me PC([0,T],R) and the inequalities be satisfied

m(t) <@t)mt), te[0,T]t#t, (4.52)
m(tk+0) <oaxm(tyx), k=1,2,...,p (4.53)
Mm(0) ~ Nm(T) <0, (4.54)
whereay > 0,M > 0,N > 0 are constants such that
p T
M — N(k|‘|lak) exp(/0 9(9ds) > 0. (4.55)

Then mt) <Ofort € [0,T].
Proof. Functionm(t) satisfies the integral inequality
t
m(t) < m(0) + / YIMPdst T am(ty).
0 k:0<ty<t

According to Theorem 1.1.1 functian(t) satisfies the inequality

m(t) gm(0)< |_| ak)exp(/ot(p(s)ds) for t € [0,T]. (4.56)

k:0<ty<t

From inequality (4.54) we obtain that

N
< —
m(0) < =m(T)
and therefore
N 0 - ! d 4.57
< — . .
m(0)< () ([ ofext [ @510 (4.57)
From inequalities (4.55) and (4.57) follows that(0) < 0. From (4.56) follows the

validity of the inequalitym(t) < O fort € [0, T]. O

As a partial case of Lemma 4.2.3 we obtain the following result:

Corollary 4.2.7. Let function me PCY([0,T],R) and inequalitieg4.52)—4.54) be satis-
fied, wheref; @(9ds<0,0<oax<landM>0,N>0, M >N.
Then function rft) is nonpositive o0, T|.

We will obtain sufficient conditions for the existence of a solution of the linear boundary
value problem for the nonlinear impulsive differential equations (4.43), (4.44), (4.45), that
is between given lower and upper solutions. The obtained result will be useful not only for
the proof of the method of quasilinearization but for different qualitative investigations of
nonlinear boundary value problem for impulsive differential equations.
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Theorem 4.2.1.Let the following conditions be fulfilled:

1. Functionsa, B € PCY([0,T],R) are lower and upper solutions of the linear boundary
value problem(4.43),(4.44),(4.45)anda(t) < B(t) fort € [0, T].

2. Function fe C(Q(a,B),R), where the se©(a, ) is defined by equality4.8) for
N=1.

3. Functions k : Tk(a,B) — R, (k=1,2,...) are nondecreasing ifix(a,3), where the
setsl'k(a, B) are defined by equalit{4.9) for N = 1.

4. Constants M> O,N > 0.

Then the linear boundary value problem for nonlinear impulsive differential equations
(4.43),(4.44), (4.45) has a solution e S(a, ), where the set(®, ) is defined by4.7)
forN = 1.

Proof. Withoutloss of generality we will consider the case whea 1,i.e. O0<t; <T. Let
Xo be an arbitrary point such that(0) < xo < 3(0). Define a functior : [0,T] xR — R
by the equality

f(t,B(t)+2UX for x> Bt
Ft,x)=¢ f(t,x) for a(t) <

f(t,a(t))+ O‘l(t+)|;|x for x < a(t

)
x < B(t)
).

From condition 2 of Theorem 4.2.1 follows that functidft, x) is bounded orf2(a, 3) and
therefore there exists a functipre C(]0,T], [0,%)) such thasup{|Ht,x)|: x € R} < p(t)
fort € [0,T].

Therefore, the initial value problem for the ordinary differential equatidn=
F(t,x), x(0) =xg has a solutiorX(t; Xo) fort € [0,t1].

Consider functiomm(t) = X(t; Xo) — B(t). We will prove that functiom(t) is nonposi-
tive on[0,t1]. Assume the opposite, i.sup{nft) : t € [0,t1]} > 0. Therefore, there exists
a pointt* € (0,t;) such thaim(t*) > 0 andm(t*) > 0. From the definition of the function
X(t;%p) it also follows that

m(t7) < f(t",B(t ))+m—f(t Bt ))—m

The obtained contradiction proves the assumption is false. Therefore
X(t;x0) < B(t), te][0,ty].

Analogously, we can prove thXi(t; xo) > a(t),t € [0,t1].
Let yo = 11(X(t1;%0)). We note thaty depends orxg. From the monotonicity of the
functionly(x) we obtain

a(t1+0) < Iy(a(ty)) <11(X(t1 %)) < l1(B(t1)) < B(t1+0),

<0

a(ty+0) <yo <B(t1+0).

Consider the initial value problem for the ordinary differential equatios= F(t,x),
X(t1) =yo for t € [t1, T|. This initial value problem has a solutiof(t;yo) for t € [t1, T].
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Using the same ideas as above we can prove that the inequalities Y (t;yo) < B(t) for
t € [t1, T] hold. At the same tim¥ (t1;yo) = l1(X(t1;Xo))-
Define the following function

[ X(t;xg) for te[0,t]
X(t;%0) = { Y(t;yo) forte (tly-lr]-

Functionx(t;Xp) € S(a,B) is a solution of the impulsive differential equation (4.43),
(4.44) with the initial conditiorx(0) =Xo.

From inequalitya (t) < B(t) for t € [0, T] it follows that the following two cases are
possible:

Case 1. Leti(0) =B(0). Thenxg = a(0) =B(0). Therefore

Mx(0;%0) — NX(T; %) = Mxo — NX(T; %) < Ma(0)—Na(T) <c
and
Mx(0;%0) —NX(T;X%0) > Mxg—NB(T) >c.

ThereforeMx(0;x0) —NX(T;X0)) = ¢, i.e. the functiorx(t; Xo) is a solution of the linear
boundary value problem (4.43), (4.44), (4.45).

Case 2. Letn(0) < B(0). We will prove that there exists a poixj € [a(0),[3(0)]such
that the solutiorx(t; xo) of the impulsive differential equation (4.43), (4.44) with the initial
conditionx(0) =Xp satisfies the boundary condition (4.45).

Assume the opposite, i.e. for every painte [a(0),[3(0)]the solutiorx(t; Xo) of the im-
pulsive equation (4.43), (4.44) with the initial conditiai0;xp) = Xo satisfies the inequality
Mx(0;x0) —NX(T;X0)) # C.

If Xo = B(0) then from the relatiox(t; xo) € S(a, 3) we obtain that

MX(0;%9) —NX(T;%0)) = MB(0) —NX(T;X0) > MB(0)—NB(T) >c.
According to the assumption and the above inequality we obtain
Mx(0;X%0) —NX(T;Xo) > C. (4.58)

There exists a numbér: 0 < 8 < 3(0) — a(0), such that foxg : 0 < B(0) — xg < d the
corresponding solutior(t; xp) of the impulsive differential equation (4.43), (4.44) satisfies
the inequality

Mx(0;%0) —NX(T;Xo) > c. (4.59)

Assume that for every natural numberthere exists a point, : 0 < B(0)—z, < %
such that the corresponding solutigf (t; z,) of the impulsive equation (4.43), (4.44) with
initial condition x(0) =z, satisfies the inequality

Mx " (0;z,) —NX"(T;z,) < c.

Let {z,;} be a subsequence of the sequefzg)_; such thalim;_.z, = B(0) and
lim ;XM (t; ;) = X(t) uniformly on the intervalg0,t;] and (t;, T]. The functionx(t)
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is a solution of the impulsive differential equation (4.43), (4.44) such #{& = B(0),
X(t) € S(a,p) and
Mx(0)—Nx(T) <c. (4.60)
Inequality (4.60) contradicts inequality (4.57) and therefore the assumption is not true.
Let

" = sup{de (0,B(0)—a(0)]: for which there exists a point
Xo € (B(0)—9,B(0)] such that the solution (X; Xo)
satisfies the inequality (4.59)

Choose a sequence of poinse (a(0),3(0)— 0*) such that lim_.. X, = B(0)— &".
From the choice o®* and the assumption it follows that the corresponding solutions
x("(t; x,) satisfy the inequality

MX™(0;%,) — NX" (T x,) < .

There exists a subsequende, }y of the sequence{xn}y such that the limit
limj_e XM (t; %y, ) = X*(t) uniformly on the intervalg0,t] and (t1, T]. Functionx*(t) €
S(a,B) is a solution of the impulsive equation (4.43), (4.44) with initial conditix(®) =
B(0)—&* and satisfies the inequalityix*(0) — Nx*(T) < c. The last inequality contradicts
the choice ob".

Therefore, there exists a poirg € [a(0),B(0)] such that the solutiom(t; %) of the
impulsive differential equation (4.43), (4.44) satisfies the condition (4.45), i.e. the func-
tion Xx(t; xo) is a solution of the linear boundary value problem (4.43), (4.44), (4.45). This
completes the proof of the theorem. O

We will apply the method of quasilinearization to approximate the solution of the linear
boundary value problem (4.43), (4.44), (4.45). We will prove that the convergence of the
successive approximations is quadratic.

Theorem 4.2.2.Let the following conditions hold:

1. Functionsap(t),Bo(t) are lower and upper solutions of the linear boundary value
problem(4.43),(4.44),(4.45)andag(t) < Bo(t) fort € [0, T].

2. Function fe C%2(Q(ao,Bo), R) and there exist two functions(E x),g(t, x) such that

F,g € C**(Q(ao, Bo), R)
F(t,X) = f(t,X) —l—g(t,X), F)&(t,X) >0, g;(/x(t’x) >0,
[R5, Bo(s) — 65 cofs) Jas< 0

3. Functions k € C?(I'k(0o,Bo),R), k=1,2,...,p and there exist functions,GJ €
C?(k(0o, Bo), R) such that G(x) = I(x) +k(x), the derivatives {¥x) > 0, J/(x) > 0,

Gi(Bo(tk) — J(ao(t)) <1, k=1,2,....p,

GL(Go(tk)) —Jﬁ(Bo(tk)) >0, k=1,2,...,p.
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4. Constants M> 0O,N >0, M > N.

Then there exist two sequences of functifmgt) } 5 and{Bn(t) }5 such that:

a/ The sequences are increasing and decreasing correspondingly;

b/ Functionsa(t) are lower solutions, and functiorf,(t) are upper solutions of the
linear boundary value problert4.43), (4.44),(4.45);

c/Both sequences converge uniformly to the unique solution of the linear boundary value
problem(4.43),(4.44),(4.45)in S(ag, Bo) fort € (tx,tkr1), where k=0,1,2,...,p, o =0,
andtp, 1 =T,

d/ The convergence is quadratic.

Proof. From condition 2 of Theorem 4.2.2 follows that(f,x1), (t,%2) € Q(0o,Bo) and
X1 > %o then

f(t,Xl) > f(t’XZ) + F):(tv)(Z) (Xl - X2) + g(t7X2) - g(t,X]_), (461)
g(t,x1) > g(t,x2) + G (t, X2) (X1 — X2). (4.62)
From condition 3 of Theorem 4.2.2 follows thatif > X2, X1,X2 € (0o, Bo), then
Ik (X1) > Ik(X2) + Gi(X2) (X1 — X2) + J(X2) — I (X)), (4.63)
and
GK(X]_) > Gk(Xz) + G{((Xz) (Xl — X2). (4.64)

From condition 3 follows that functionsG,(x) and J(x) are nondecreasing in
Dk(ao,Bo).  Therefore forx € Dy(0o,Bo) the inequality I (x) = G| (x) — J(x) >
G (ao(tk)) — J(Bo(tk)) > 0 holds, which proves that the functiohgx) are nondecreas-
ing,k=1,2,...,p.

According to Theorem 4.2.1 the boundary value problem (4.43), (4.44), (4.45) has a
solution inS(a, Bo)-

We consider the linear boundary value problem for the impulsive linear differential
equation

X (t) = f(t,ao(t)) + Qo(t)(x—ap(t)) for t € [0,T],t #t, (4.65)
X(tk+0) = lx(0o(ty)) + BY[X(tx) — ao(to)], (4.66)
Mx(0) —Nx(T) =c, (4.67)

where

Qo(t) = F(t, ao(t)) — g(t, Bo(t)),
BY = Gi(ao(tk)) — J(Bo(t)), k=1,2,....p.
It is easy to verify that functiomip(t) is a lower solution of the linear boundary value
problem (4.65), (4.66), (4.67).

According to condition 1 of Theorem 4.2.2 and inequalities (4.61) - (4.64) we obtain
the inequalities

Bo(t) > f(t,ao(t))+Qo(t)(Bo(t) —ao(t))

—[F(t ao(t)) —F(t,Bo(t)) + Fx(td(t))( o(t) —dio(t))]
+9(t, to(t)) — g(t. Bolt)) + g (t. Bo(t)) (co(t) — Bo(t))
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> f(t,a0(t)) +Qo(t)(Bo(t) —0o(t)) for t €[0,T], t #t, (4.68)

Bo(tk+0) > lk(ato(tk)) + [Ik(Bo(tk)) — Ik(Co(tk))]
> Ik(0o(tk)) 4 [Gi(ao(tk)) — J(Bo(tk))] (Bo(tk) — ao(tk))

> Ik(dlo(t)) + BR(Bo(tk) — lo(tk)).- (4.69)

From inequalities (4.68) and (4.69) follows that functifg(t) is an upper solution of
the linear boundary value problem (4.65), (4.66), (4.67).

According to Lemma 4.2.1 the linear boundary value problem (4.65), (4.66), (4.67) has
a unique solutiom 1 (t) € (0, Bo).

We consider the linear boundary value problem for the impulsive linear differential
equation

X(t) = f(t,Bo(t)) +Qo(t)(X(t) —Bo(t)) for te[0,T],t#t, (4.70)
X(tc+0) = I(Bo(te)) + BR(X(tk) — Bo(tk)), (4.71)
Mx(0) —Mx(T) =c. (4.72)

Functionso(t) andBo(t) are lower and upper solutions of the linear boundary value
problem (4.70), (4.71), (4.72) and according to Lemma 4.2.1 there exists a unique solution

B1(t) € S(ao, o).

We will prove thataq(t) < B1(t) fort € [0,T].

Define functionu(t) = a4(t) — B4(t) for t € [0, T]. From the choice of functions,(t)
andp,(t) and inequality (4.70) we obtain that functiaoit) for t € [0, T],t # ti satisfies the
inequality

u' = f(t,ao(t)) — f(t,Bo(t)) +Qo(t)u(t) + Qo(t)(Bo(t) —ao(t)) < Qo(t)u(t).  (4.73)

According to equalities (4.71) for, = Bo(tk) andx; = ap(tx), and the definition of the
functionsa, 31 we obtain

U(tc+0) < I(ato(tk)) — Ik(Bo(tk)) +BRu(t) + BY[Bo(tk) — do(t)] < BRU(t).  (4.74)

From the boundary value condition for functionos, 3; and condition 4 we obtain the
equality

Mu(0) — Nu(T) = May(0) — Nay (T) — (MB(0) —NBy(T)) =c—c=0.  (4.75)

From inequalities (4.73), (4.74) and boundary condition (4.75), according to Lemma
4.2.3 functionu(t) is nonpositive, i.eo1(t) < B1(t).

Functiona(t) is a lower solution of the boundary value problem for the nonlinear
scalar impulsive differential equation (4.43), (4.44), (4.45). Indeed, [0, T|, t # t,

ayp < f(tan(t)) +Fe(t, oo(t)) (ao(t) — aa(t))
—9(t, ao(t)) +9(t,aa(t)) + Qo(t) (as(t) —do(t))

< f(t,04(t)). (4.76)
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From inequality (4.63) and the choice of functian(t) we obtain the inequalities

a1(tk+0) < le(aa(tv)) +[Gi(ao(tk)) — J(au(t))
—BR) (ato(t) — 0t (1))
< k(o (t) — [F(oo(te)) — J(Bo(te))] (ao(tk) — e (tk))

< lg(ay(te), k=1,2,....p. 4.77)

From inequalities (4.76), (4.77) and the boundary condition for functigft) follows
that functiona (t) is a lower solution of the linear boundary value problem (4.43), (4.44),
(4.45).

Analogously, it can be proved that functigi(t) is an upper solution of the linear
boundary value problem (4.43), (4.44), (4.45).

We can construct two sequences of functigas(t) }5 and{Bn(t) }3, such thati,, B, €
S(0n-1,Bn-1). Functionay;1(t) is the unique solution of the linear boundary value problem
for the impulsive linear differential equation

X (t) = f(t,0n(t)) + Qn(t) (X—an(t)) for t € [0, T],t #ty, (4.78)
X(tk +0) = Ik (an(t)) + Bg(X(tk) — an(t)), (4.79)
Mx(0) —Nx(T) =c, (4.80)

and functionBn1(t) is the unique solution of the linear boundary value problem for the
impulsive linear differential equation

X(t) = f(t,Bn(t)) +Qn(t) (x—Bn(t)) for t € [0, T],t # t, (4.81)
X(t+0) = Ik(Bn(tk)) +Bg(X(tk) — Bn(tx)), (4.82)
Mx(0)— NX(T) = ¢, (4.83)

where
Qn(t) = F(t, an(t)) — g (t, Bn(t)),
B} = Gi(an(t)) — J(Bn(tk))-

As in the casen = 0 it can be proved that functiores,;1(t) andf,;1(t) are lower and
upper solutions of the linear boundary value problem (4.43),(4.44),(4.45) and the inequali-
ties

Oo(t) <ay(t) <--- <an(t) < PBn(t) <--- < Polt) (4.84)

hold.
Therefore, the sequencésiy(t)}g and {By(t)}g are uniformly bounded and equi-
continuous on interval&y,ty+1),k=0,1,2,...,p and they are uniformly convergent.
Denote

lim an(t) = u(t),  lim Ba(t) = V().

n—oo

From the uniform convergence and the definition of functiap@) and,(t) follows that

o(t) < u(t) < v(t) < Bolt). (4.85)
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From the linear boundary value problems for the impulsive linear differential equations
(4.78) - (4.80) and (4.81) - (4.83) we obtain that the functia(ts andv(t) are solutions of
the boundary value problem (4.43), (4.44), (4.45) and theraf(ire= v(t).
We will prove that the convergence is quadratic.
Let us define functiona,1(t) = u(t) —0nr1(t) andbni1(t) = Brra(t) —u(t), t€[0,T].
Fort € [0,T],t # tx we obtain the inequalities

g1 < Qu(t)ania(t) + [F(t,u(t)) — gi(t, an(t)) — Qn(t)]an(t)
= Qn(t)an:1(t) +Falt,E)ag(t)

+0(t;N1)an(t) (Ba(t) — an(t)), (4.86)

whereu(t) < & < an(t), an(t) <Ny < Ba(t).
Itis easy to verify the validity of the inequality

20(t) (Bu(t) — an(1)) = 2a(t)(bn(t) +2n(t)) < SA0) + SEED).  (487)
From inequalities (4.86) and (4.87) follows that foe [0, T],t # tk the inequality

&y, 1(t) < Qn(t)ans1(t) + On(t), (4.88)

holds, where

Onlt) = [FA(LED + Sgh(tn1)Jad+ (T LR
Analogously, it can be proved that
an;1(tk+0) < Bgan,a(tk) + Yo (4.89)
where

Ve = (G () + S (vt + 3 (vBA(t)

an(tk) S QX( S U(tk),an(tk) S Vk S Bn(tk)a k: 1727 sty p
From boundary conditions for functiongt) andap(t) we obtain the equality

Man:1(0) —Nan41(T) =0. (4.90)

From inequalities (4.88) and (4.89) according to Lemma 4.2.2 follows that the function
an11(t) satisfies the estimate

aal®) < ana(O) [] B)exn [ Qu(va)

o<ty <t

5wl 1 #)exn [ @ura

0<fc<t te<tj<t

n /0 "on(S) (S<|t‘|<t Bfk‘) exyl /s ' Qu(dDds (4.91)
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From the boundary condition (4.90) we haag 1(0) = %anH(T) and therefore

an:1(0) < [1_ﬂ |£|BQ ex /TQn(s)ds

{2 1 Blers{ [ @)

By exp( / Qn()dr)ds (4.92)

j=i+1

T
+/ Gn(S
0 s<t; <T

From the properties of functiorfs(t, x) andg(t, x), the definition ofo,(t) and inequal-
ities (4.91), (4.92) follows that there exist constakis> 0 andA, > 0 such that

[1an+1]| < Aal[an[?+ Az b % (4.93)

Analogously it can be proved that there exist constaats 0 andp, > 0 such that
[1on+1]| < bl [bnl * + bzl [an] |2 (4.94)
Inequalities (4.93) and (4.94) prove that the convergence is quadratic. O

Remark 21. In the case when the constat= 0 in the boundary condition, the boundary
value problem (4.43), (4.44), (4.45) is reduced to the initial value problem for impulsive
differential equations for which the quasilinearization is applied in [42], [91], [118].

We also note that some of the results for ordinary differential equations, obtained in
[91] are partial cases of the obtained results whgx) = x.

4.3. Method of Quasilinearization for Periodic Boundary Value
Problem for Systems of Impulsive Differential Equations

In this section the periodic boundary value problem for a system of nonlinear impulsive
differential equations is studied. Different types of couples of lower and upper solutions
are considered. Several results for systems of ordinary differential equations are obtained
as partial cases of the proved theorems.

We will note some qualitative investigations of periodic boundary value problems for
impulsive equations are obtained i [[42], [43], [46], [47], [48], [49], [50], [51].

Consider the periodic boundary value problem for the system of nonlinear impulsive

differential equations

X = f(t,x(t))+9(t,x(t)) for te€[0,T], t+#t, (4.95)
X(tk+0) = Ik(X(tk)) + Gk (x(tk)), k=1,2,...,p, (4.96)
x(0) =x(T), (4.97)

wherexc RN, f,g: [0,T] xRN — RN, I,,Gc: RN = RN, (k=1,2,....p).

SetsS(a,B), Q(a,B) andli(a,B), (i=1,2...,p), are defined by equalities (4.7), (4.8),
(4.9).

We will define different types of lower and upper solutions of the considered periodic
boundary value problem.
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Definition 29. Functionag(t) € PCY([0,T],RN) is called lower (upper) solution of the
periodic boundary value problem (4.95), (4.96), (4.97), if the following inequalities

ao(t)
k

hold.
The above definition gives the natural definition for lower and upper solutions.

Definition 30. The pair of functionsg(t), Bo(t) € PCL([0,T],RN) is called afirst type of
mixed pairof lower and upper solution of the periodic boundary value problem for the
nonlinear system of impulsive differential equations (4.95), (4.96), (4.97), if the following
inequalities

ag(t) < f(t,ao(t)) +a(t, Bo(t)),

Bo(t) > f(t,Bo(t)) +g(t,ap(t)) fort € [0,T], t # ty,
Oo(tk +0) < lk(ao(te)) + Gk (Bo(ty)),

Bo(tk+0) > Ik(Bo(tk)) + Ck(ao(t)), k=1,2,...,p,
0o(0) < ao(T), Bo(0) > Bo(T)

hold.

Definition 31. The pair of functionsig(t), Bo(t) € PC([0,T],RN) is called asecond type

of mixed pairof lower and upper solution of the periodic boundary value problem for the
nonlinear system of impulsive differential equations (4.95), (4.96), (4.97), if the following
inequalities

ag(t) < f(t,Bo(t)) +g(t, ao(t)),

Bo(t) > f(t,ao(t)) +g(t,Bo(t)) fort € [0, T], t #t,
ao(tk+0) < Ik(Bo(tk)) + Gk(0o(tk)),

Bo(tk+0) > Ik(ao(tk)) +Gk(Bo(tk)), k=1,2,...,p,
ao(0) < ap(T), Bo(0) > Bo(T)

hold.

We will prove some preliminary results for linear systems of impulsive differential
equations.

LetA= {aij}i’j‘jzl be a matrix andN be a natural number. We will say that> 0 if
aj >0fori,j=1,2,...,N.

Definition 32. We will say that matrixB = {bj; }i’j‘jzl belongs to clas¥ if
P1.B>0anditis irregular;
P2.Fori:1<i<N: 33 b <1.
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Definition 33. We will say that matrixA(t) = {a;j(t) i’f‘jzl belongs to class, if
P1.aj(t) € C([0,T],R), &j(t) > 0forj #i,i,j=1,2,...,N,t €[0,T];
P2y iaj(t)+ai(t)<0,te[0,T],i=1,2,...,N.

We will define the following operation between vectors:

Definition 34. Letx = (X1,X2,...,Xn), Y= (Y1,¥2,---,YN)-
Thenx@y= (X1y1,X2Y2; - - -, XNYN)-

We will use the following notatiore= (1,1,...,1).

For our further investigations we will need the following result for linear systems of
impulsive differential inequalities.

Lemma 4.3.1. Assume that
1. Matrix A(t) = {a.J( ) |N]:1 belongs to class.

2. Matrices B = {b N =1 k=1,,...p belong to class¥.
3. Function me PCl([O T],RN) satisfies the following inequalities

m(tc+0) < Be(m(t)), k=1,2,....p, (4.99)
m(0) < m(T). (4.100)

Then mf) <Ofort € [0, T].

Proof. Consider numbers

&.1= mMax max >0, k=0,1,2,...,p.
N 1<'<Nt€(tk+0tk+ﬂm( ) P
Casel. Letgg >0fork=1,2,...,p+1.
Casel.l. There exists an integkr. 0 < k < p such thaim;, (&) = &1 for a natural
numberjy: 1< jy < Nand a poin€y € (tx+ 0,t.1]. Then the inequality

mjk(zk —h) - mjk(Ek)
—h

(&) = hir& 20
holds.
From inequality (4.98) we obtain
O S rr(]k(z'k) S z ajkl (Ek)m (Ek) +ajkjk(Ek)mjk(Ek)
1]k
< (I;k aj (&) +ajkjk(€k)>8k+1 <0. (4.101)

The obtained contradiction proves the impossibility of this case.
Casel.2. For all integersk : 0 < k < p there exists a natural numbgr: 1< jx <N
such that

lim m; (t)=¢
t—t+0 Jk() k+1



Method of Quasilinearization 139

andmy(t) < g4 fort € (tx, tkra),i = 1,2,...,N. Then from the jump condition (4.99) we
obtain

N N
&1 =mMj (tk+0) < Zlbgl:')mi (t) < (zlbg'k‘i))sk < &
i= i=
Using mathematical induction we prove that
mjo(T) <Epp1=SE <<= mjo(o)-

The last inequality contradicts inequality (4.100).

Therefore, case 1 is impossible.

Case2. Let there exists a natural number 1 <| < p+ 1 such thatg < 0. Let
k=maxl : g <0}.

If kK= p+1thenm(T) <O0.

If k< p+1 thengg, 1 > 0. According to jump condition (4.99(tk+ 0) < Bym(tx) <O.
Therefore, there exists a natural numher 1 < jx < N and a poin € (tx,tk+1] such
that m;, (&x) = &1 and n”(jk(Ek) > 0. From inequality (4.98) follows inequality (4.101).
The obtained contradiction proves that p+ 1. Thereforem(T) < 0 and from periodic
condition (4.100) we obtaim(0) < 0. As in the proof above, we obtain thgt< O for
| =1,2,...,p. Thereforem(t) <0 on[0,T]. O

As a corollary of Lemma 4.3.1 we obtain the following result, that is necessary for the
proof of uniqueness and existence of the solution of the periodic boundary value problem
for the homogeneous linear impulsive system.

Corollary 4.3.8. Let conditionsl and2 of Lemma4.3.1be satisfied.
Then the periodic boundary value problem for the homogeneous linear system of im-
pulsive differential equations

X(t) = At)X(t), te[0,T],t#At, (4.102)
X(tc+0) = Bix(to), (4.103)
x(0) =x(T) (4.104)

has only the trivial solution.

We will need some known results for systems of impulsive differential equations (for
more details see [15], [89]). Lék(t,s) be the fundamental matrix of the linear system of
ordinary differential equations

X =A)x(t) for te (t,tcidl.

Then the solution of the linear system of impulsive equations (4.102), (4.103) with the
initial condition x(0) =X is given by the equalitx(t) = W(t,0)xo, where

Uk(t7s) for t,se (tkfl)tk]
Uit1(t, ) BikUk(tk, S) for teog <s<t <t <tyyq
Uic2(t,80) (N5-11 B))U; (.t -1) BiUi (6, )

for i1 <s<ti<ty<t<tgis

W(t,s) = (4.105)
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Lemma 4.3.2. Let At) = {aij(t)}_; € Zand B= {bj}_; e W, k=1,,...p.
Then detE —W(T,0)) # 0, where E is the identity X N matrix.

Proof. Let m(t) be a solution of the linear system of impulsive equations (4.102), (4.103)
with the initial conditionx(0) =X . If X = m(0) =m(T) thenxg = W(T,0)x% and (E —
W(T,0))x = 0. According to Corollary 8 the periodic boundary value problem for the
linear system of impulsive equations (4.102), (4.103), (4.104) has only the trivial solution,
i.e. xo = 0 and thereforelet(E —W(T,0)) # 0. O

Consider the periodic boundary value problem for the non-homogeneous linear system
of impulsive equations

X(t) =A{)x(t)+h(t) te[0,T],t#t, (4.106)
X(tk+0) = Bix(tk) + Ok, (4.107)
X(0) =x(T). (4.108)

Lemma 4.3.3 (Theorem 2.5.1 [89]).Let matrix (E —W(T,0)) be irregular and function
he PCL([0,T],RN).

Then the periodic boundary value problem for the linear system of impulsive equations
(4.106),(4.107),(4.108)has a unique solution (h), defined by

mt) = W(t,O)nb+/tW(t,s)h(s)ds+ Z W(t,tx+0)ak, (4.109)
0 o<ty<t
where
mo = (E —W(T,O))1(/0TW(T,s)h(s)ds+ % W(T,tk+0)0k), (4.110)
k=1

and W(t, s) is defind by equality (4.105).
We will need the following comparison result.

Lemma 4.3.4. Assume that

1. Matrix A(t) = {ayj (t)};_; belongs to clas&.

2. Matrices K&, k=1,,...p belong to clas$ ando are constants.

3. Function he PC([0,T],RN).

4. Functions yt) and wt) are lower and upper solutions of the periodic boundary value
problem for the linear non-homogeneous systdm06),(4.107),(4.108).

Then for te [0, T] the inequality

V(t)SW(t,O)rTb—i—/OtW(t,S)h(S)dS-i- Z W(t, t+)ok < w(t), (4.111)

o<ty<t

holds, where mis defined by4.110), and Wt, s) is defined by4.105).
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Proof. Consider functiong(t) = v(t) — x(t) andq(t) = x(t) —w(t), wherex(t) is the so-
lution of (4.106), (4.107), (4.108). Both functions satisfy the linear systems of inequalities
(4.98), (4.99), (4.100) and according to Lemma 4.3.1 the functions are nonposifRergn
which proves Lemma 4.3.4. O

We will prove the method of quasilinearization for approximate obtaining of a solution
of the periodic boundary value problem for the systems of nonlinear impulsive differen-
tial equations (4.95), (4.96), (4.97). We will prove that the convergence of the successive
approximations is quadratic.

Theorem 4.3.1.Let the following conditions hold:

1. The pair of functionso(t), Bo(t) € PCY([0,T],RN), ag(t) < Bo(t) fort € [0,T] is a
first type of mixed pair of lower and upper solution of the periodic boundary value for the
nonlinear system of impulsive differential equatigds95),(4.96), (4.97).

2. Derivatives £,0x exist and they are continuous d®(0,[3p), function %(t,x) is
nondecreasing in x, function @, x) is nonincreasing in x for € [0, T] and g(t,ao(t)) <0,
and for x>y

fx(t,X) — fx(t,y) < StfIx=Vl[, gk(t,y) —gk(t,x) < S[[x VY]],

where § = {S(l 1>0,$ = {§<2 _, > 0 are constant matrices, anidl|| is a norm
in RN,

3. Functions k, Gk € C}(Tk(ao,Bo),RN), I;(x) are nondecreasing, functions &) are
nonincreasing, k= 1,2,...,p and the derivatives satisfy the inequalitiggoly(tc)) > 0,
G, (ao(tk)) < 0 and for x> y the functions satisfy the inequalities

l(X) = 1k (y) < Lil[x=Y|,  Gk(y) — Gi(x) < M||x—Y]],

where Iy > 0,My >0, k=1,2,...,p are constant matrices.

4. Function f(t, ao(t))x is quasimonotone nondecreasing in x, and functi(t, Bo) —
Ox(t,Bo))e@x is decreasing in x on the interjal T].

5. Inequalities(lig(Bo(tk)) - G’k(Bo(tk)))eg e hold.

Then there exist two sequences of functifemg(t) } and {Bm(t) }3 such that:

a/ The sequences are increasing and decreasing, correspondingly;

b/ Both sequences converge uniformly to the unique solution of the periodic boundary
value problem for the nonlinear system of impulsive differential equatidr@s), (4.96),
(4.97)in S0, Bo) fort € (tx,tkra], k=0,1,2,...,p, o=0,tp11 =T

¢/ The convergence of both sequences is quadratic, i.e. there exists a frumBeuch
that

[Irnsa(t)[| < All|ra(t)[1]%
where

[r ([l = sup [[r(®)]l,
te[0,T]

/() — )
"ealt) = < Bova(t) - ult) ) ‘
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Proof. Consider the periodic boundary value problem for the following system of linear
impulsive differential equations

(t,00(t)) +9(t, Bo(t)) + fx(t, o) (X — o) + gk(t, 0to) (Y — Bo)
(t,Bo(t)) +9g(t,ao(t)) + fx(t,00) (Y — Bo) + Gx(t, do) (X— o)
fort € [0,T],t #ty,

f
f

X(tk +0) = lk(ao(tk)) + Gk (Bo(tk)) +1
+Gi(ao(t)) [y(t) — Bo(tk)],

Y(tk+0) = lk(Bo(tk)) + Gk(ao(tk)) +| [y(t
+Gi(o(t)) [X(tk) — Ao (t)], k= 12 1

X(0) =x(T), y(0)=y(T). (4.112)

The periodic boundary value problem for linear syste#l12) could be written in the
vector form

p'=AO(t)p(t) +hO(t) for t € [0,T],t #ty, (4.113)
p(t+0) =B p(t) +0, k=1,2,....p, (4.114)
p(0) =p(T), (4.115)
where
. X
p_<y>’

(0) _ fx(t,Go) gX(t7G0)
AT = <gx<t,ao> fx<t,ao>>’ (4.116)

© _ ( lk(oo(tk)) Gi(oo(ty))
Bk - <Gk/k((10(tk)) |/k(Go(tk))> ) (4117)

f(t,ao(t)) +9(t,Bo(t)) — fx(t, 00) 0o — Gx(t, 0lo) Bo)
hO) = < (£, Bolt)) + Gt to1)) — (t.t0)Bo — Gu(t. G)ct ) ’ (4.118)
60 _ <Ik<ao<tk>>  Gu(Bo(t)) — l(do(i) do(t) — G (ol k>>50<tk>> (4.119)
k lk(Bo(tk)) + Gk(0to(tk)) — lk(@o(tk)) Bo(tk) — G (aro(tk) )oto(tk) ) '
Consider the matrices

_ fX(t7a ) _gX(t7a )

M= <—gx<t,o?o> ft, o) ) (4.120)

_( Wao(tk))  —Gi(oo(Tk))
D(k)_<|é{<(00(rk)) 1 (@o(1)) ) (4.121)
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From conditions 2, 3, 4 and 5 of Theorem 4.3.1 follows tB8(t) € = andD? € W.
According to Lemma 4.3.2 theh inequality dEt— C°(t)) # 0 holds. Therefore, dgE —
A%(t)) = det(E — CO(t)) # 0 . According to Lemma 4.3.3 the periodic boundary value
problem for the system of impulsive differential equations (4.113), (4.114), (4.115) has a
unique solution given by the equalities (4.109), (4.110). Denote the solution of the periodic
boundary value problem (4.113), (4.114), (4.115)yt), B1(t).

We will prove thatap(t) < ai(t) andBo(t) > B1(t) on [0,T]. Setp(t) = ap(t) —
as(t), q(t) = B1(t) — Bo(t). From the choice of functionag(t), Bo(t), asi(t) andP(t)
we obtain inequalities

p' < fx(t,00)p— G(t, a0)q,
q < —ox(t,00)p+ fx(t,a0)q forte [0,T],t #ty,

k(@o(t)) p(t) — Gy (o (t))q(t),
k(0o(tk))a(tk) — Gi(ao(tk))p(tk), k=1,2,...,p,

p(0) < p(T), q(0)<q(T). (4.122)
The impulsive inequalities (4.122) can be written in vector form

m (t) < CO(t)m(t) fort € [0, T],t # ty,
m(tk+0) < DYm(ty), k=1,2,...,p, (4.123)

m(0)< m(T),

wherem= (p,q)" and matrice€°(t) andD‘k’ are defined by the equalities (4.123), (4.124).
From conditions 2, 3, 4 and 5 of Theorem 4.3.1 follows that the conditions of Lemma
4.3.1 are satisfied forN and thereforen(t) < 0 on[0,T], i.e. 0p(t) < aj(t) andBi(t) <
Bo(t) on [0, T].
We will prove thataq(t) < Bi(t). Setp(t) = as(t) —B1(t). Then from the choice of
the functionsa1(t) and B (t), equalities (4.113), (4.114), (4.115), and conditions 2, 3 of
Lemma 4.3.5 we obtain

< [fx(t,a0) —ox(t,ap)]pfort € [0, T],t # t,
( +0) < [li(oo(t) — Gy (to(t))]P(T), (4.124)
p(0) < p(T).
From Lemma 4.3.1 foA\(t) = fy(t,ag) — Ox(t,00), Bk = I, (ao(tk) — G} (ao(tk)) follows
the validity of inequalityp(t) <0 on[0,T].
Assume that for some natural numimefunctionsom(t) andpm(t) are constructed such
Consider the periodic boundary value problem for the system of linear impulsive differ-
ential equations

X (t) = f(t,am(t)) +9(t,Bm(t)) + fx(t,0m) (X— 0m) + Gx(t, 0tm) (Y — Brm)
f(t, Bm(t)) +9(t, am(t)) + fx(t, 0m) (Y — Bm) + Gx(t, Om) (X — 0m)
fort € [0,T],t #t,
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X(tk+0) = I(am(t)) + G(Bm(ti)) + l(@m(ti) ) [X(ti) — Am(t)]
+Gi(am(ti)) [y(tk) — Bm(t)],

Y(t+0) = I(Brm(ti)) + Gr(am(tk)) + lk(atm(ti) ) [Y(t) — Br(tk)]

+Gi (0m(t)) [X(t) — atm(t)],

X(0) =x(T), y(0)=y(T). (4.125)

The above periodic boundary value problem for the system of linear impulsive differ-
ential equations can be written in the vector form

Pl =AM () prsa(t) +h™ (1) for t € [0,T],t £t (4.126)
P+ 1(tk+0) =By"™ pmy1(t) + 0y, (4.127)
Pm+1(0) = Pmi2(T), (4.128)

where

_ [ Omy1
Pm+1= <Bm+1> )
and the matrice&™(t), BI"™, h™(t), o™ are defined by the equalities (4.119) - (4.122),
where functionsxp(t) andfo(t) are substltuted by functiorss,(t) andBm(t) correspond-
ingly.

Consider matrice€(™ (t) and Dl((m), defined by equalities (4.123) and (4.124), where
functionsop(t) andPBo(t) are substituted by functiortsy(t) andPm(t), respectively.

From inequalitiesty,—1(t) < am(t), the monotonicity of derivativedy, gy, and condi-
tions 4, 5 of Theorem 4.3.1 follows that™ (t) € = anle((m) eW k=1,2,...,p. Therefore,
according to Lemma 4.3.2 the inequality &t- C(™ (1)) # 0 holds and d¢E — AM (1)) =
detE —C(M(t)) # 0. According to Lemma 4.3.3 the periodic boundary value problem for
system of impulsive differential equations (4.126), (4.127), (4.128) has a unique solution
Omya(t), Bmaa(t).

As in the proof above for functionay(t) andp1(t), we can prove that inequalities
() < Umea(t) < Brsa(t) < Bm(t) hold.

We will prove the convergence of sequendes(t) }5 and{Bm(t)}5.

Consider interval0,t;]. Functionsap, By satisfy equalities (4.126), (4.127), (4.128)
and therefore the integral equality

Pra(t) = Pra(©)+ [ (A™(S)pma(9) +h™(5))as (4.129)

is satisfied.
Sequences$am(t)} and{Bm(t)} are uniformly bounded and equi-continuous [Ont;]
and therefore the sequences are uniformly convergent on this interval. Set

liMmoe0m(t) = UM (1), liMmeBmt) =V (t), t € [0,ty]. (4.130)

From the definition of function®,(t) Bm(t) and the uniform convergence follows that
ao(t) < ub(t) <V (t) < Po(t), te (04,
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Taking the limit of equations (4.129) we obtain that the following equations are satisfied
fort € [0,ty]

wO(t) = wd(0) + /0 t (Al(s)w(1>(s) v hl(s))ds (4.131)

where

and the matricedq (t) = limm_A™(t) andhy(t) = limy_hM(t) are defined by equali-
ties (4.119) and (4.121 ), where the functiangt) andBo(t) are substituted by functions
u®(t) andviV) () respectively.

From the definition of matri¥A; (t) and functionh;(t) we obtain

f(t,u®(t t,v(t
o (L0 )

From the above equality follows the validity of equality/?)’ = Aq(t)wY + hy(t) for
te [O,tl].

Consider intervalt; +0,t5]. From equalities (4.126) and (4.127) follows that the func-
tionsam, B, satisfies on the intervdt + 0,t,] the integral equation

Prt(t) = Prosa(ti 10)+ | (A™()pmia(s)+h™M(s))ds  (4.132)

t1

On this interval functiongam(t) } 5 and{Bm(t) }3 are uniformly bounded and equi- contin-
uous and therefore the sequences are uniformly convergent. Set

mwam(t):u(z)(t), lim Bm(t) = A (1), teti+0,t). (4.133)

From the uniform convergent and the definition of functiang(t) and By (t) follows
the validity of the inequalitiesio(t) < u®(t) <12 (t) < Bo(t) on |ty +0, ta].

Taking a limit of integral equations (4.127) and (4.132) we obtain the equaﬁtytl) =
B]_VV(]') (tl) and

wa(t) = W(2)<t1+0)+/tt (Az(S)W(Z)(S)+h2(S))dS
— Bw®(t)+o1+ t(Az(s)W(z)(s)Jrhz(s))ds, (4.134)

t1

where

the matricesh,(t) = limpy_AM™ (1) andhy(t) = limy_h(™(t) are defined by equalities
(4.116) and (4.118), where the functiamg(t) andpBq(t) are substituted by the function&’
andv? respectively, and the matric& = Iimmngm) ando; are defined by equalities
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(4.117) and (4.119), where functiong(t) andBy(t) are substituted by functions®)(t)
andviV(t), respectively.

By induction we prove that on each intenfal+ 0,tx.1], (k=0,1,2,...,p) sequences
{am(t)}& and{Bm(t)}§ are uniformly convergent. We denote their limits bY+%)(t) and
V(k+l)('[).

Then uk+d) v+ € Sag, Bp), uktD(t) < viHD(t) on [t tera), Wkt (t) =
Bw®) (tx) + ok and the limits are solutions of the linear integral equation

wk(H) = wk (g + / A1 (W (s) +hia(s) ) ds

= B (1) + ok + /t (A2 (WD (8) +hesa(9) )ds (4.135)

Gk D)
wikHD) _ <V(k+1)>7
the matricesh,1(t) = liMm_AM(t) andhg(t) = limy_.h™M(t) are defined by (4.116)
and (4.118), where functiors(t) andBo(t) are substituted by the functiont1)(t) and
v (1), and the matrice®y = limpy_B™ and gy are defined by (4.117) and (4.119),

where functionsio(t) andpo(t) are substituted by functiong® (t) andv(¥(t), respectively.
From the definition of matrice8y1(t) andBy and the equalities (4.135) we obtain
Ak+1<t)W(k+l)(t)+hk+1(t) _ ( ( s ( )

)+g(t,v<k+1)(t))>
(VD () gt utde) )
lie(u® (b ))+kat Etk))> (4.136)

Gi(u® (1)) + 1 (V¥ () )

Define the piecewise continuous functionss € PC([0,T],R") by equalitiesu(t) =
ukt(t) andv(t) = v&(t) for t € (ty,txs1),k=0,1,2,...,p. From the conditions of the
functionsu®*3(t) andv(k+1)(t) it follows that u,v € S(a,Bo) andu(t) < v(t) on [0, T].
Consider functiorw = (u,v). Therefore, the equalities

W(tk+0) = limg s WD (1) = kD (1) = Bk () 4 ok = Brw(ty) + ok (4.137)

where

BkW(k) (tk) + 0k = <

hold.
From integral equations (4.135) follows that the functieft) satisfies the integral equa-
tions

W(t) = W(tx+0) +/ W(s) +H(9))ds t € [t-+ 0] (4.138)
From equality (4.135) we obtain™ (0) = w(P+Y(T) or
w(0) =w(T). (4.139)

From equalities (4.136) we obtain that foe= 0,1,2, ..., p the following equalities are

satisfied
A (W) + () = <:E:33<(tt>)>) rot. Yﬁi?) ’
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~ ((u(t) + Gr(v(t)
B (t) 1 O — <(;k I, (v(tt))) .

The last equalities and equalities (4.137), (4.138), (4.139) prove that funetibnand
v(t) are solutions of the periodic boundary value problem

u(0) =u(T), v(0)=w(T). (4.140)

Consider functionp(t) = v(t) — u(t) > 0. From periodic boundary value problem
(4.140) and the properties of the derivatives of functidng we obtain that

p = (/01 fx(s,)\v+(1—)\)u)ds)p— (/Olgx(s,)\er(l—)\)u)ds> p
< ((f(t,Bo) ~ 0u(t.Bo) )
p(tc+0) = (1k(Bo(t) — Gh(PBo(t)) ) P(W)

p(0) =p(T). (4.141)
According to Lemma 4.3.1 foh(t) = fx(t, Bo) — gx(t, Bo), Bk = Iy (Bo(tk) — Gi(Bo(tk))
we obtainp(t) < 0on|[0,T]. Thereforep(t) =0, which proves thati(t) = v(t).
We will prove that the convergence is quadratic.
Define functiongn1(t) = u(t) — ansa(t) andgnia(t) = Bnra(t) —u(t), t € [0, T]. For
t € [0,T],t # t the following inequalities are satisfied
pll'1+1 S f(t,U)— f(t,(}(n)-i-g(t,U)—g(t,Bn)
—fx(t,0n) (Pn — Pn+1) — Ox(t,0n) (Ont1—0n)

_ (/olfx(t,Au+(1—>\)an)dA)pn

([ ot ru+@-nBoa)a,
—fx(t,an) (Pn — Pnt1) — Gx(t, An) (On1— On)

< (fx(t,u) — fx(t, an)) pn+ (9x(t, o) — Ox(t, Bn) )t
+fx(t,an) Pny-1 — Ox (L, An) 1

< fx(t,0n) Prra — 9x(t, An)Onr1+ St Pnl| P + S2[ |00 — Bal[dn

< fx(t,an) Prrs — Ox(t, 0n)Onst

1 3
+(&+ 1) pol [+ Snllanl % (4.142)
Where{ - (ElaEZ?' . '7&1’1)) r] = (nl)r]27‘ . ‘)nl"l))

&i Zjiﬁlj, Ni ZiSzj, i=1,2,....n.
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From the definition of functiona(t), Bn(t) and the fact that(t) is a solution of the pe-
riodic boundary value problem for the system of impulsive equations (4.95), (4.96), (4.97)
we obtain

CI:]+1 < f(t,Bn) — f(t,u) +g(t,0n) —g(t,u)
—fx(t,0n) (Oh — On+2) — Ox(t, On) (P2 — Pn)

_ (/Olfx(t,ABn+(1—>\)u)d>\)qn

_</Olgx(t,)\0(n+(1—)\)u)d)\) Pn

—fx(t,0n) (Oh — On+2) — Ox(t, On) (P2 — Pn)

(fx(t,Bn) — fx(t,an))0n + (Gx(t, 0tn) — Gx(t, U)) pn

+ fx(t,an)dnr1— Ox(t, On) Prsa

—0x(t, 0n) Pnt1 + Fx(t, 0n) A1+ Si|[Pn + Gnl[Gn + S| Pa| [ Pn
—0Ox(t,0n) Pny1 + fx(t,0n)0ny1

IN

IN A

+28lanll2+ 1+ 38 lpal > (4.143)
Fork=1,2,...,p from the jump conditions we obtain
Prr1(te+0) < I(u(te)) — I(otn(te)) + Gi(u(t)) — Gi(ok(te))
+li(@n(t))[an+1(tk) — an(ti)]
—Gx(an(ti)) [Bn+1(tk) — Bn(ti)]
li(0n(t)) Pr+-2(t) — Gi(An(ti) ) An+1(t)

+Ha) | Pn( t) |12+ Hel [on(t) |2, (4.144)

IN

On1(t+0) < —Gy(an(tk))Prta(tk) +1k(An(tk))Gn(tc)

+01/Pn(t)[ |2+ N2 [an(t) [, (4.145)

wherep, pi,i = 1,2 are constant vectors.
The differential inequalities (4.142), (4.143), (4.144), (4.145) can be written in a vector
form as follows

r:’]+l S A<t)rn+l+ P’ ’rn‘ ‘27 t 7& tk7
M1 (te+0) < Birnga(t) + Qulra(tl) |2,

My1(0) =rna(T), (4.146)

; 1_< pn+1> p_ < &+2n > Qk=< W+ b >
" Ont1 )’ 28+n )’ Pr+p2 )’

fx(t,0n)  —0Ox
Al = < —Ox(t,0n)  fx(

where
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_( W@n(t))  —Gi(an(t)
By = < 7&1(((}”('['()) ||I((kan(tk)) >

From the monotonicity of functiondy(t,x) and gy(t,X), inequalitiesom(t) > ap(t),
Bm(t) < Bo(t), and condition 4 of Theorem 4.3.1 follows that condition 1 of Lemma 4.3.2
is satisfied. According to the conditions 3 and 5 of Theorem 4.3.1, maBjcage irregular
and from set’. According to Lemma 4.3.2 fdre [0, T] the inequality

t
rn+1(t)§W(t,O)xo+/oW(t,s)P\\rn]]st+ Y W(tk+0)Qd[r(t)|F  (4.147)

o<ty<t

holds, where
x = (E-W(T,0))" /WTS)PHrnHst
p
+ 5 W(T,t+0)Qdl yrn(tk)Hz) (4.148)
k=1

andW(t, s) is defined by equality (4.108).

From inequality (4.147) and equality (4.148) follows that there exists a nukbe0
such that|ro1(t)[[ < Al[|ra(t)][[2 where|||r (t)]|| = SuReio; IF (1)

The above inequality proves the quadratic convergence. O

The next theorem deals with the case when the lower and upper solutions are completely
opposite to those in Theorem 4.3.1.

Theorem 4.3.2.Let the following conditions hold:

1. The pair of functionsxg(t), Bo(t) € PCY([0,T],RN), ag(t) < Bo(t) fort € [0,T] is a
second typenixed pair of lower and upper solution of the periodic boundary value problem
for the nonlinear system of impulsive differential equatioh®5),(4.96),(4.97).

2. Derivatives £, gx exist and they are continuous on $eta, 3p), function £(t,x) is
nondecreasing in X, function, x) is nonincreasing in x for € [0, T], fx(t,Bo(t)) <Oand
for x >y the inequality

fu(t,x) = fx(t,y) < Silx=yll, 9x(t,y) = 9x(t,x) < Sf[x =]l

holds, where $= {§<j1)}i’\7‘j:1 >0, = {S(jz)}i’f‘jzl > 0 are constant matrices anld.|| is a
norminRN.

3. Functions k, Gk € CY(Tk(do, Bo), RN), | ( ) are nondecreasing, functions (x) are
nonincreasing, k= 1,2,....p, G(Bo(tk)) > 0, Ik (Bo(t)) < 0 and for x>y the functions
satisfy the inequalities

() = 1e(y) < Lillx=yll,  Gi(y) — Gi(x) < Mil[x—Vl],

where L > 0,M¢ > 0,(k=1,2,...,p) are constant matrices.
4. Function g(t,Bo(t))x is quasimonotone nondecreasing function in x, and function
(ox(t,00) — fx(t,00))e@x is strictly decreasing function in x ¢@, T].
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5. Inequality (G(((Bo(tk)) - I,Q(Bo(tk))) e< e holds.

Then there exist two sequences of functifmg(t) } 5 and {Bm(t) }§ such that:

a/The sequences are increasing and decreasing correspondingly;

b/ Both sequences converge uniformly to the unique solution of the periodic boundary
value problem for the system of nonlinear impulsive differential equatidrs), (4.96),
(4.97)in S(0o,Bo) fort € (tx, tk+1), k=0,1,2,...,p,0=0,t,1=T;

¢/ The convergence of both sequences is quadratic, i.e. there exists a frumBesuch
that

a2 )11 < NIra()]]1%

where

HIr@1l]= sup [[r)]],
te[0,T]

rnea(t) = < u(t) ~ anta(t) )
Br+a(t) —u(t)
Proof. The proof is similar to the proof of Theorem 4.3.1. The successive approximations

Omt1(t) andBms1(t) in this case are the unique solution of the periodic boundary value
problem for the system of linear impulsive differential equations

X (t) = f(t,Bm(t)) +9(t,am(t)) + G(t, Bm) (X— )
+ fx(t, Bm) (Y — Bm),

Y (t) = f(t,am(t)) +g(t, Bm(t)) + 9(t, Bm) (Y — Bm)

+ fx(t, Bm) (X—am) fort € [0,T],t #t,

X(tc+0) = Ik(Bm(tk)) + Gk(atm(tk)) + Gic(Bm(tk) ) [X(tk) — Om(tx)]
+1i(Bm(tk)) [Y(tk) — Bm(t)];

Y(tk+0) = I(am(tk)) + Gk (Bm(tk)) -+ Gi(Bm(tk)) [Y(tk) — Bm(ty)]
+1i(Bm(tk)) [X(tk) — am(ti)],

X(0) =x(T), y(0)=y(T). (4.149)

The periodic boundary value problem (4.149) can be written in the form (4.126)-
(4.128), where

m _ ( G(Bm(tk))  1g(Bm(tk))
° _<'&k(Bm(tk)) GKL(Bm(tk))>’
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e (£ Bn(®) + Ot Am(t)) — Ge(t. Br)m— Fe(t. Br)Br)
" “)‘<f<t7am< )+ 9. Brt)) — Gu(t. Bon) B — fu(t, Brn) m>

oM _ ( k(Bm(tk)) 4 Gk(am(tk)) — Gi(Bm(tx))am(tk) — &(Bm(tk))Bm(tk)>
k Gi(0m(tk)) + k(Bm(tk)) — G (Bm(tk))Bm(tk) — Ik (Bm(tk)) dtm(tk)
)

)
my [ Ox(6,Bm)  —Tx(t,Bm) m GI(Bm(tk «(Bm(ti))
C<t)_<—fx(t,l3m) gx<t,sm>>’ bic = <Ik<Bm<tk>> G’kwm(tk)) -

The following theorem deals with the case when the derivative of the lower solution of
the periodic boundary value problem (4.95), (4.96), (4.97) does not depend on the upper
solution.

Theorem 4.3.3. Let the following conditions hold:

1. Functionsa(t), Bo(t) € PCH([0,T],RN), ag(t) < Bo(t) for t € [0,T] are lower and
upper solutions of the periodic boundary value problem for the system of nonlinear impul-
sive differential equation&4.95),(4.96), (4.97).

2. The continuous derivatives, fix exist on seQ)(0p,Bo), such that f(t,x) is nonde-
creasing in x and gt, x) is nonincreasing in x for £ [0, T] and for x>y the inequalities

fx(t,x) — fx(t,y) < SfIx=yl], g(t,y) —0x(t,x) < S[|x—V][,

hold where $ = {51(1 N -1 > 0,8 = {§<2 N =1 > 0 are constant matrices anfl.|| is a

norm inRN,
3. Functions k, Gk € C}(Tk(ao,Bo),RN), I4(x) are nondecreasing, functions () are
nonincreasing, k=1,2,....p, G (Bo(tk)) + I (Bo(tk) > 0, and for x>y the inequalities

()= 1(Y) < Lilx=Yl[,  Gi(y) = Gi(x) < Myl Ix=yI,

hold, where k> 0,My > 0< k=1,2,...,p are constant matrices.
4. Function (Fx(t,ao(t)) +gx(t,[30(t)))x is quasimonotone nondecreasing in x, and

function (gx(t,ao) - fx(t,ao))e@x is strictly decreasing in x of®, T].

5. Inequality (G{((ao(tk)) - IQ(BO(tk))) e<e holds.

Then there exist two sequences of functifmg(t) }5 and {Bm(t)}g such that:

a/ The sequences are increasing and decreasing correspondingly;

b/ Both sequences converge uniformly to the unique solution of the periodic boundary
value problem for the system of nonlinear impulsive differential equatidr@s), (4.96),
(4.97)in S0, Bo) fort € (tx,tkr1), k=0,1,2,...,p,10=0,tp41=T;

¢/ The convergence of both sequences is quadratic, i.e. there exists a frumBesuch
that

[1IFaca (1< All[ralt)]]]%
where

r [l = sup [[r(t)]l,
te[0,T]

/() — )
"ealt) = < Bova(t) - ult) ) ‘
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Proof. For every whole numbem we consider the periodic boundary value problem for
the system of impulsive linear differential equations

X(t) = F(t.n(t)) 9t 0n(t)) +  Fult, Cn) + Gu(t, Br) ) (x— o)
fort € [0,T],t # t,
X(tk+0) = Ix(an(tk)) + Gk (an(tk))
+ (Idan(t)) + Gh(Ba(t)) ) X(t) — n(t)],
X(0) =x(T), (4.150)

and the periodic boundary value problem for the system of impulsive linear differential
equations

/() = £(t,Bn(t)) + 0 (t,Ba(t)) + (Fult. o) +Ox(t,Br) ) (Y —B)
fort € [0,T],t #ty,
Y(tc+0) = lk(Bn(t)) + Gk(Bn(tk))
+ (K(@n(t) + Gl(Ba(t)) ) [y(t) — Bate),

y(0) =y(T). (4.151)
According to Lemma 4.3.3 the periodic boundary value problems (4.150) and (4.151)
have unique solutions,1(t) andf,,1(t) for every fixed pair of functionsi,(t) andpn(t).
Letn=0. We will prove thaip(t) < a1(t) andfo(t) > B1(t) on the interval0,T]. Set
p(t) = ap(t) —ax(t), q(t) = Ba(t) — Bo(t). Therefore,, we have the following two periodic
boundary value problems for functiopgt) andq(t):

P < (f(t,00) + (t,Bo) ) p forte [0,T)t 4t

p(te-+0) < (Ii(co(t) + Gh(Bo(t) ) P(te).
p(0)< p(T),

and
q< (gx(t, Bo) + fx(t,Bo))q fort € [0,T],t £ t,

(t+0) < (1(Bolte)) + Gi(Bo(t) )t
q(0) < q(T).

According to Lemma 4.3.1 inequalitiggt) < 0 andq(t) < 0 hold on[0, T], i.e. ap(t) <
a1(t) andpy (t) < Bo(t) on[0,T].

We will prove thata(t) < B1(t). Setp(t) = ay(t) — B1(t). From the periodic boundary
value problems (4.150) and (4.151), conditions 2, 3, 4 and 5 of Theorem 4.3.3 and Lemma
4.3.2 we obtain

[ ( ) )"_gx(t’BO)]pfort € [OvT])t #tk,
( +0) < [Ix(ao(tk) + Gi(Bo(t))]p(t), k=1,2,...,p,
p(0) < p(T).
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According to Lemma 4.3.1 inequalify(t) < 0 holds on[0, T], i.e. ay(t) < B4(t).

As in the proof of Theorem 4.3.1, we obtain two sequences of funcfiapd) } and
{Bn(t)}3, tn,Bn € S(0n_1,Bn-1), an(t) < Bn(t),t € [0,T], which are uniformly convergent
on the intervalsty, tx+1], k=0,1,...,p.

Let their limits areu(t) andv(t) correspondingly.

From the uniform convergence and the definition of the functimgd) andpy(t) fol-
lows the validity of inequalities

o(t) < u(t) < v(t) < Bo(t).

Since functionst,(t) andBy(t) are solutions of the periodic boundary value problems
(4.150) and (4.151), we obtain that functiong) andv(t) are solutions of the periodic
boundary value problem (4.95), (4.96), (4.97). From the fact that functiopgsndIy, Gk
are Lipschitz, follows thati(t) = v(t) on [0, T].

We will prove that the convergence is quadratic.

Define the function®,1(t) = u(t) — any1(t) andgns1(t) = Basa(t) —u(t), t € [0,T].
Fort € [0,T],t # tx we obtain the inequalities

Pryr < F(t,u)—f(t,an) +9(t,u) —g(t,an)
—fx(t,0n) (Pn — Pn+1) +Gx(t, Bn) (Pn+1— Pn)
1
_ /fxt)\u+ (1— )\)an)d)\>pn+</0 gu(t, AU+ (1 Nan)dh ) py

—fx(t,0n) (Pn — Pnt1) +Ox(t, Bn) (Pnt1 — Pn)
(fx(t,u) — fx(t, 0n)) P+ (Ox(t, On) — Ox(t, Bn)) Pn
+fx(t,an) pny1+Ox(t, Bn) Pyt

((x(t, 0tn) + Gx(t, Br) ) P+ S|P P+ Sol [t — B P

IN

IN

1
< (fx(t7an)+gx(t7[3n)>pn+l+(€+ )Hanz—i—éannHz, (4.152)
WhereE - (ElaEZ?' . '7&1’1)) r] = (nl)rIZ)‘ . ‘)nl"l))

n n
=5, ni=Y%, i=12,....n
| J; ] | JZ:L j

Fort € [0,T],t # tx from the definition of the functionsiy(t) andps(t) and the fact
thatu(t) is a solution of the periodic boundary value problem for the system of nonlinear
impulsive differential equations (4.95), (4.96), (4.97), we obtain

q:'1+1 < f(t,Bn)—f(t,U)—l—g(t,Bn)—g(t,U)
—fx(t, Bn) (O — An+1) + Ox(t, Bn) (Ons1—Cn)
— (/1f (tABn+ (1~ Nu)dA g +(/1g (tABn+ (1~ Nu)dr g
- 0 X\ n n 0 X\t n n

—fx(t,Bn) (An — 0n+1) + Ox(t, Bn) (Ans1— On)
(gx(t,u) — gx(t, Bn))an + (fx(t, Bn) +9x(t, Bn)On+1
(fx(t, Bn) +0x(t, Bn)An+1 + S| |On| [0

IA A
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§(fx(t7Bn)+gx(taBn))Qn+1+(E+ )||QnH2+ SN (4.153)

Fork=1,2,...,p from the jump conditions we have

Pri1(tk+0) < Ik(U(tk)) — Ik(0n(tk)) + Gk (U(tk)) — Gk (ain(tk))
+ (K(@n(t)) — Gk(Bn(t) ) [P+ (t) — Pn(to)]

< (Ii’((an(tk)) + GL(Bn(tk))) Pnt-1(tk)

-+ | Pn(tio) | 1+ Ml [an(t) 1], (4.154)

Gns(t+0) < (1(n(t) + Gh(Bn(t) ) dns1(8)

1%

01/ [Pn(t) |2+ N2 an(t) | [ (4.155)

wherep;, ni,i = 1,2 are constant vectors.
The differential inequalities (4.152) -(4.155) and the periodic boundary value conditions
for functionsp(t) andq(t) can be written in the following form

Mer <A+ Pl|rl%, t#£t, (4.156)

Fnga(tc+0) < By () + Qul[rn(ti) |2, (4.157)

M+1(0) =rna(T), (4.158)

where
Moot = < Pn+1 >
Ons1 )
Alt) = fx(t, 0n) + O(t, Bn) 0
0 f(t,an) +0x(t,Bn) )’

E+3n r] > < M Mo )
P— 2 2 _ ’
( In &+3n A= n

_ ( W(an(tk) + Gi(Bn(tk)) 0
Bk_< k 0" li(An(ti)) + Gy (Bn(te) >

According to Lemma 4.3.2 and inequalities (4.156) - (4.158) follows that fof0,T|
inequality

t
Mea(t) < W(t,0)><o+/0 W(t,s)P||ry||?ds

Z (t,tc+0) Qe [rn(ti) |2 (4.159)
<t<
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holds, where

]
Xo = (E—W(T7O))’1(/o W(T,9)P||ra||2ds

p
+ 3 W(T, b+ 0)Qu (@12, (4.160)
k=1

and matriXxW(t,s) is defined by equality (4.105).
From relations (4.159) and (4.160) follows the existence of a nubed such that

a2 @11 < N1

wherel[[r (t)[|| = suRcio.ry [[r (t)]]-
The inequality proves the quadratic convergence of both sequences of successive ap-
proximations. O

As partial cases of the proved theorems we can obtain several interesting results for the
periodic boundary value problems for systems of nonlinear ordinary differential equations.
Consider the periodic boundary value problem for the system of ordinary differential
equations
X = f(t,x(t))+9(t,x(t)), te][0,T], (4.161)

x(0) =x(T), (4.162)

wherex e R", f,g:[0,T] x R" — R".
Leta,B € C([0,T],R") be such that(t) < B(t). Consider set
<

CSa,B)={ueC([0,T],R": a(t) <u(t) <B(t) for t € [0,T]}. (4.163)
From Theorems 4.3.1, 4.3.2, and 4.3.3 we obtain the following results:

Theorem 4.3.4.Let the following conditions hold:
1. Functionsag(t), Bo(t) € C([0,T],R"), ap(t) < Bo(t) fort € [0,T] and

t) < f(t,Bo(t)) +9(t, ao(t)),

ao(t)
B6(t) > f(t7a0(t)) +g(t7[30(t)) fort € [OvTL
(

0(0) < ao(T), Bo(0) = Bo(T).

2. Functions §, gy exist and they are continuous 6X{(ao, Bo), fx(t,X) is nondecreasing
in X, g(t,X) is nonincreasing in x for € [0,T], fx(t,Bo(t)) <0and for x>y

fu(t,X) = fx(t,y) < Silix=ylI, o(t,y) — O(t, X)| < SfIx =Vl

where $ > 0,$ > 0 are constant matrices}.|| is a norm inR".

3. Function g(t,Bo(t))x is quasimonotone nondecreasing in x and the function
(—fx(t,a0) +0x(t,0p))e@x is strictly decreasing in x d0, T].

Then there exist two sequences of functifog(t) }5 and {Bm(t)}g such that:

a. The sequences are increasing and decreasing correspondingly;

b. Both sequences uniformly convergen{@T] to the unique solution of the periodic
boundary value problert4.161),(4.162)in CS 0, Bo);

c. The convergence is quadratic.
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Theorem 4.3.5. Let the following conditions hold:
1. Functionsag(t), Bo(t) € C([0,T],R"), ap(t) < Bo(t) fort € [0,T] and

a(t) < f(t, Bo(t)) +9(t, o(t)),
Bo(t) > f(t,ao(t)) +9(t, Bo(t)) for t € [0,T],
a0(0) < ao(T), Bo(0) > Bo(T).

2. Functions §, gy exist and they are continuous 6X{(ao, Bo), fx(t,X) is nondecreasing
in X, g(t,X)is nonincreasing in x for & [0,T], fx(t,Bo(t)) < 0and for x>y the inequalities

fu(t,X) = fx(t,y) < Silix=yll, o(t,y) — (. X)| < SfIx-VY]]

hold, where $> 0,$ > 0 are constant matriceg|.|| is a norm inR".

3. Function g(t,Bo(t))x is quasimonotone nondecreasing in x and the function
(—fx(t,a0) +0x(t,0p))e@x is strictly decreasing in x d0, T].

Then there exist two sequences of functifg(t) }5 and {Bm(t)}g such that:

a. The sequences are increasing and decreasing correspondingly;

b. Both sequences uniformly convergen{@T] to the unique solution of the periodic
boundary value problert4.161),(4.162) in CS 0, Bo);

c. The convergence is quadratic.

Theorem 4.3.6.Let the following conditions hold:
1. Functionsag(t), Bo(t) € C([0,T],R"), ao(t) < Bo(t) fort € [0, T] are such that

ag(t) < f(t,ao(t)) +g(t, ao(t)),
Bo(t) > f(t,Bo(t)) +9(t,Bo(t)) for t € [0,T],
0ao(0) <ao(T), Bo(0)=>Bo(T).

2. Functions §, gy exist and they are continuous €X(ag, Bo), fx(t,x) is nondecreasing
in X, g(t,X) is nonincreasing in x for € [0,T| and for x>y inequalities

fu(t,X) = fx(t,y) < Silix=ylI, o(t,y) — O(t, X)| < SfIx =Vl

hold, where $> 0, > 0 are constant matriceg|.|| is a norm inR".

3. Function (fx(t,ao(t)) + gX(t,ao(t)))x is quasimonotone nondecreasing in x and
function( fx(t, ao) + gx(t, Bo) ) e@Xx is strictly decreasing in x d0, T].

Then there exist two sequences of functifmg(t) }5 and {Bm(t) }5 such that:

a. The sequences are increasing and decreasing correspondingly;

b. Both sequences uniformly convergen{@T] to the unique solution of the periodic
boundary value probleri4.161),(4.162) in CS 0, Bo);

c. The convergence is quadratic.
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